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1 Metric and Normed Spaces

1.1 Metric Spaces

Recall that a metric space (X,d) is a set X equipped with a distance function
or metric d: X x X — R such that, for all z,y,z € X:

e d(z,y) >0, and d(z,y) = 0 if and only if x = y. (Positivitity)
e d(z,y) =d(y,z). (Symmetry)
e d(z,z) <d(z,y) +d(y,z). (The Triangle Inequality)
Example 1.1 The real line, R, is a metric space, with metric d(a,b) = |a — b|.
The proof of this fact is completely straightforward.

Example 1.2 The complex numbers, C, form a metric space, with metric

d(w,2) = |w — 2| = /(w1 — 21)% + (wa — 22)?
The proof of this fact is left as an exercise.
Example 1.3 Let (X,d) be a metric space. Let Y C X. Then the set Y is

also a metric space, with metric defined by restricting the metric on X, that is
to say

dY(xv y) = d(.’E, y)
for all points z,y € Y.



When we encounter subsets of metric spaces, we will in general assume that
we have this metric.

Definition 1.4 Let X and Y be metric spaces. We call a function f: X — Y
continuous at the point x € X if for all € > 0 there exists § > 0 such that
d(f(z), f(y)) < € whenever d(z,y) < 4.

We call the function f: X — Y continuous if it is continuous at every point
reX.

Definition 1.5 Let X be a metric space. A sequence of points (x, )nen in the
space X is said to converge to the point x € X if for all € > 0 there exists N € N
such that d(x,,z) < & whenever n > N.

We write
lim z, =x
n—oo
when a sequence (z,,) converges to a point . We say the point z is the limit of
the sequence (z,). We slso write 2, — x as n — o0.
One also refers to limits of function. Let X and Y be metric spaces, and let
f: X\{zo} — Y. Then we say the function f has limit a at the point xg, and
write
if for all € > 0 there exists § > 0 such that d(f(x),a) < € whenever d(z,xq) <
(and x # x9).
By definition, a function f: X — Y is continuous at the point zy € X if and
only if the value f(x¢) is defined, and

Jim f(2) = f(wo)

Proposition 1.6 Let f: X — Y be a function between metric spaces. The
function f is continuous at the point x € X if and only if, for any sequence
(z,,) with limit x, the sequence (f(x,)) in the space Y has limit f(x).

Proof: Let f be continuous at the point z. Let (z,) be a sequence with limit
x.

Choose € > 0. Then we have § > 0 such that d(f(x), f(y)) < ¢ whenever
d(z,y) < 9.

Now we can find N € N such that d(x,,z) < § whenever n > N. Hence
d(f(zn), f(x)) < € whenever n > N. We see that the sequence (f(z,)) converges
to f(x).

To prove the converse, suppose that the function f is not continuous at the
point z. Then we can find € > 0 such that there is no § > 0 with the property
that d(z,y) < ¢ implies d(f(x), f(y)) < e.

To rephrase this statement, for all § > 0 there is a point y € X such that
d(,y) < 0, but d(f(x), f(y)) > <.



Take 6 = % Then we have a point z, € X such that d(z,z,) < %, but
d(f(z), f(zn)) > e. We see that the sequence (x,) converges to x, but the
sequence (f(x,)) does not converge to (f(x)). O

Let (X, d) be a metric space. Given a point € X and a real number ¢ > 0,
define
B(z,6) ={y € X | d(z,y) <}

We call the set B(x,d) the open ball at the point x with radius 4.

Definition 1.7 We call a subset U C X open if for any point « € Y, there
exists § > 0 such that B(x,d) C U.
We call a subset A C X closed if the complement X\ A is open.

Example 1.8 In any metric space X, an open ball B(z,J) is itself open. The
punctured open ball B'(x,d) = B(x,d)\{z} is also open.

Example 1.9 In any metric space X, given z € X and § > 0 the closed ball

B(z,0) ={y € X | d(z,y) <4}
is closed.

Example 1.10 Let X be a metric space X, let z € X, and let § > 0. Then
the set
S(x,0) ={y € X [ d(x,y) = 0}

is closed.

Example 1.11 The interval (0,1) is an open subset of the real line R. The
interval [0,1] is a closed subset.

Example 1.12 In any metric space X, the space X itself and the empty set )
are both open.

1.2 Norms

Write K to denote either the real numbers, R, or the complex numbers, C. In
either case, given o € K, we can define the modulus |«|.

Definition 1.13 Let V be a K-vector space. A normon V is a mapping V — R,
written v — ||v||, with the following properites.

e Let v € V. Then |jv]| >0, and ||v|| = 0 if and only if v = 0. (Positivity)
e Let a € Kand v € V. Then ||aw| = |o|||v]|. (Homogeneity)
e Let u,v € V. Then ||u+ v|| < ||ul| + ||v]. (The Triangle Inequality)



A vector space equipped with a norm is called a normed vector space.

We leave the proof of the following as an exercise.

Proposition 1.14 Let (V.|| —||) be a normed vector space. Then V is a metric
space, with metric defined by the formula

d(v, w) = [lv - w]|
O

In this course, we focus on studying metric spaces that are open subsets of
normed vector spaces.

Proposition 1.15 Let V be a normed vector space. Then the norm || —||: V —
R is a continuous map.

Proof: Choose v € V. Let € > 0. Consider a point w € V. Then by the
triangle inequality

[oll = [[(v = w) + wl| < [lo = w]| + [lw]
and so ||[v —w|| > ||v|| = ||w]|. Since ||w —v|| = ||Jv — w]|, we also have ||v —w|| >
[[w[l = [o]]. Thus
[l = wl| = [[Jo]] = [Jw]]

So, suppose that d(v,w) < e. Then |[v — w|| < €, and by the above, |||v| —
|lw]|| < e. So if we take ‘6 = &’ in the definition of continuity, we see that the
norm is a continuous map, as required. O

Example 1.16 The following are norms on the vector space K.
e The Euclidean norm
[ollz = VIoa 4 Jon > 0= (v1,...,vn)
e The sum norm

= |vg| 4+ - - |un] v=(v1,...,0p)

—

[[v]
e The max norm
[v]lee = max(|v1],....[val) v =(vi,...,vn)

Note that the metric induced by the Euclidean norm on R” is the Euclidean
metric. The metric induced by the Euclidean norm on C” is the same thing as
the Euclidean metric on R?".

We usually assume that the space K" is equipped with the Euclidean norm.
In this case, we simply write the norm as || — ||, reserving the notation || — || for
when we need to be very careful and specific.

The proof that the above are norms is an exercise. The following result is
also an exercise.



Proposition 1.17 For any point v € K", we have:
[vlloe < lvllz < flvlly < nllvlle
O

One reason that the Euclidean norm is important is that it comes from an
inner product. To be precise, recall that on K™ we can define an inner product
by the formula

(u,v) = w07 + -+ - + U Ty

Here Z denotes the complex conjugate of a complex number z; if the number
z happens to be real, then Z = z.
Observe that the Euclidean norm, || — ||, can be defined by writing

[oll = v/ (v,v)
The following result is called the Cauchy-Schwarz inequality
Lemma 1.18 Let u,v € K*. Then

[{w, 0} < JJulll|v]]

1.3 Bounded Linear Maps

Definition 1.19 Let T:V — W be a linear map between normed vector spaces.
We call T' bounded if there exists M > 0 such that ||Tv|| < M|v| for all v € V.

Note that, if required, we can choose M > 0. If M = 0 in the above
definition, then ||Tv|| = 0 for all v € V. Consequently, Tv = 0 for all v € V,
that is to say T'= 0.

Proposition 1.20 Let T:V — W be a linear map between normed vector
spaces. Then the following are equivalent:

(i) T is continuous.

(i) T is continuous at the point 0.
(#ii) T is bounded.
Proof:

(1) = (4i): This is trivial.



(73) = (i17): Let us take ¢ = 1 in the definition of continuity at the point 0. Then we
can find § > 0 such that d(v,0) < § implies d(Tv,0) < 1, ie: ||v] < &
implies ||Tv|| < 1.

Take M = 2. Let v € V\{0}. Then

<46

ov )
2

2]

’_5

Hence || T(6v/2||v|])|| < 1. By linearity

) 2
SolTell <1 and [Tol| < <[jo]| = Mjv]|
2]l g

Certainly, if v = 0, then ||[Tv|| =0 < M||v||. So the map T is bounded.

(#3i) = (i): Let T:V — W be bounded. Then we can find M > 0 such that |Tv| <
Mlv]| for all v € V.

Choose € > 0. Write 6 = ¢/M. Then, for v,w € V with d(v,w) < 0, we

have
o — w]| < —
M
and u
£
|70 = Tw|l = |T(v - w)|| < Mljv—w]| < == =<

We see that the map T is continuous.

Definition 1.21 Let V and W be normed vector spaces, with V' # {0}, and
let T:V — W be a bounded linear map. Then we define the operator norm of
the operator T' by the formula

[T]|

1T =
vevuzo [Vl

Certainly || T|| > 0. By the above definition, we have the inequality
[Tl < T[]l

for all v € V, and the value ||T|| is the smallest number where we have such an
inequality.

Let us write Hom(V, W) to denote the space of all bounded linear maps
from V to W. We leave the proof of the following result as an exercise.



Proposition 1.22 The set Hom(V, W) is a normed vector space. The opera-
tions of addition and scalar multiplication defined by the formulae

(S+T)v=Sv+Tv S, T € Hm(V,W), veV

and
(aT)v = aT(v) TeHom(V,W), acK, veV

The norm is defined by the above operator norm. a

Example 1.23 Let w € W. Let T;,: K — W be the linear map defined by the
formula T,,(a)) = aw. Then, for any scalar « € K, we have

1T ()] = llow]| = [ |w]|
Hence the linear map T, is bounded, and || T3, || = |jw]|.
Note that any linear map 7:K — W takes the form T, for some w € W.
Hence we can identify the space Hom(K, W) with the normed vector space W.
1.4 Finite-Dimensional Spaces

Lemma 1.24 Equip the space K™ with the Euclidean norm. Let V' be a normed
vector space, and let T: K™ — V be a linear map. Then the map T is bounded.

Proof: Let {e1,...,e,} be the standard basis for K. Let v € K", and write
v=aie; + -+ age, a; €K
Let M = max(||Te1]|,...,||Texn|), where || — || is the norm on V. Then

[T]] lonTer + -+ + o Tey|

< aall|Ter]| + -+ + [om[[| Ten|
< Jaa|M A+ A o |M
= Mljvly < nM|jv]lec < nM|lv]|
by proposition 1.17.
So the map T is bounded. O

Now, recall the Heine-Borel theorem.

Theorem 1.25 Let R™ be equipped with the Euclidean metric. Then a subset
K CR" is compact if and only if it is closed and bounded. O

Given a compact space K, a continuous map f: K — R is bounded and
attains its bounds. Hence we can find a point ag € K such that f(ag) < f(a)
for all a € K.

Lemma 1.26 Let K be a compact subset of a normed vector space such that
0¢ K. Then we can find m > 0 such that ||a|]| > m for all a € K.



Proof: We have already seen that the norm is a continuous map. Hence, by

the above, we can find a point ag € K such that ||ag||leg|lal for all a € K.
Now 0 € K, so ag # 0. Hence, if we set m = |lag||, we have m > 0, and

la|]| > m for all a € K. m|

Theorem 1.27 Let V be an n-dimensional normed vector space. Then V is
linearly homeomorphic to the space K™ equipped with the Fuclidean norm.

Proof: Since the spaces K™ and V have the same dimension, there is an
invertible linear map 7: K™ — V. By lemma 1.24, the map T is continuous. We
want to show that the inverse T~ is also continuous.

Since the norm is a continuous map, and the map T is continuous, the

composition
A
is continuous.

Let S = {z € K" | ||z|| = 1} be the unit sphere in the space K". Then
the subset S is closed and bounded, and therefore compact by the Heine-Borel
theorem. It follows by lemma 1.26 that we can find m > 0 such that ||Tz| > m
forall z € S.

Write M = L. Observe that [|[77(0)[| = 0 < M|[0]. Choose v € V\{0}.
Then T~ 1v # 0, and T%Z“ € S. Hence

T
T 1y )
T ( > m
[yl
and |[v]| > m|| T~ v].

We see that ||T-1v|| < M||v|| for all v € V. Thus the map T~ is bounded,
and we are done. O

The above result tells us that a finite-dimensional vector space has the same
open sets for any choice of norm. In particular, as we shall see more fully in
the next section, when looking at properties such as continuity, limits, or which
subsets are compact, the choice of norm is irrelevant.

Corollary 1.28 Let V and W be normed vector spaces, where V is finite-
dimensional. Let T:V — W be a linear map. Then T is continuous.

Proof: By the above theorem, we have a linear homeomorphism ¢: K" — V.
By lemma 1.24, the map T o ¢: K™ — W is continuous.

The inverse of the homeomorphism ¢ is also continuous. Hence the map
T=To¢pop 'V — W is also continuous, and we are done. a



2 Topological Spaces and Connectedness

2.1 Topologies and Continuity

Let f: X — Y be a function between metric spaces. We can write the definition
of continuity in terms of open balls. To be precise, we know that the function
f is continuous at the point z € X if and only if for all ¢ > 0 there exists § > 0
such that d(f(x), f(y)) < € whenever d(z,y) < 6.

Consider the open balls

B(z,0) ={y € X | d(z,y) <6}  B(f(x),e) ={z €Y [d(f(x) 2) <e}

Thus the function f is continuous at the point x € X if and only if for all
€ > 0 there exists 6 > 0 such that f(y) € B(f(z),e) whenever y € B(z,J).
Rephrasing slightly, for all ¢ > 0 we can find § > 0 such that B(z,d) C

FUB(f(@),0)].

Proposition 2.1 Let f: X — Y be a map between metric spaces. The map
f is continuous if and only if for any open subset U C Y, the inverse image
U] C X is open.

Proof: Let f: X — Y be continuous. Let U C Y be open. We want to show
that the inverse image f~![U] is open.

If f71[U] = 0, then we are done. Otherwise, pick z € f~[U]. Then f(z) €
U. Since the set U is open, we can find € > 0 such that B(f(z),e) CU. As we
mentioned above, by continuity there exists 6 > 0 such that

B(z,8) C f'[B(f(x),2)] C f[U]

Hence the inverse image f~1[U] is an open set, by definition.

Conversely, suppose that the inverse image f~![U] is open whenever U C Y’
is an open subset. Let € X, and let € > 0. Then the open ball B(f(z),e) CY
is certainly open.

Now the inverse image f~[B(f(x),e)] is open and contains the point x.
There thus exists § > 0 such that B(z,d) C f~1[B(f(z),e)].

It follows that the function f is continuous at our chosen point x € X, and
we are done. a

The proof of the following result is similar to the above; we leave it as an
exercise.

Proposition 2.2 Let X andY be metric spaces, let g € X, and f: X\{zo} —
Y be a function. Then

a5, ) =o
if and only if for any open set U CY containing a there is an open set U' C X
containing a, such that f(x) € U whenever x € U'\{zo}. O

10



The idea of open sets and the proposition 2.1 leads to a generalisation of the
notion of continuity.
First note the following result; we leave the proof as an exercise.

Proposition 2.3 Let X be a metric space. Then the collection of all open
subsets of X has the following properties.

e The space X and the empty set () are open.
o Let U, Uy C X be open sets. Then the intersection Uy NUs is open.

o Let {Ux | A € A} be an arbitrary collection of open sets. Then the union
UxeaUy is open.

O

Definition 2.4 Let X be a set. Then a topology on X is a distinguished col-
lection, T, of subsets, such that:

e XcTand(eT.
e Let Uj,Uy € T. Then Uy NU; € T.

e Let {Ux | A € A} be a collection of sets belonging to the collection 7.
Then UyeaUy € T.

A set equipped with a topology is called a topological space.

We saw in the above proposition that any metric space can be considered to
be a topological space; the topology is the collection of open subsets.

In fact, in general, given a topological space, we term subsets that belong
to the topology open sets. As before, we call a subset A C X closed if the
complement X\ A is open.

Proposition 2.5 Let X be a metric space. Let x,y € X be points, where x # y.
Then there are open sets Uy, Us C X such thatx € Uy, y € U, and U NUy = (.

Proof: Let § = d(z,y). Then we can take U; = B(z, ) and Us = B(y, ). O

Example 2.6 Let X be any set. Then we can define a topology, T, on the set
X by writing 7 = {X,0}.

Suppose we have points x,y € X with = # y. Then there are no open sets
U;,Us € X such that x € Uy, y € Uz, and U; N Uy = (. Tt follows that the
above topology does not come from a metric.

Definition 2.7 Let X and Y be topological spaces. A function f: X — Y is
called continuous if for any open set U C Y, the inverse image f~'[U] C X is
open.

11



Definition 2.8 Let X and Y be topological spaces. A map f: X — Y is called
a homeomorphism if it is continuous and bijective, and the inverse map is also
continuous.

We call two spaces homeomorphic if there is a homeomorphism between
them.

Example 2.9 Define a map f:(—1,1) — R by the formula

o
1 g

f(z)
Then the map f is continuous, and we have a continuous inverse f~':R —

(=1,1) defined by the formula

oz
1+ |z

)

Therefore the spaces (—1,1) and R are homeomorphic.

Homeomorphic metric spaces are essentially the same as far as open sets
are concerned. Thus properties depending on open sets, such as continuity of
functions and compactness are the same for homeomorphic spaces.

2.2 Connected Spaces

It is no extra work to formulate the definitions in this section for topological
spaces. However, most of our examples will be metric spaces; in fact subsets of
normed vector spaces.

Definition 2.10 Let X be a topological space. A partition of X is a pair of
open subsets, U; # () and Us # (), such that Uy NUs =0, and U; UUs = X.
The space X is called connected if it admits no partition.

An equivalent formulation of the above definition, using the definition of a
closed set as the complement of an open set, is to say that a space X is connected
if and only if the only subsets which are both open and closed are the set X itself
and the empty set 0.

Example 2.11 Let us consider the space {0, 1} as a metric space: the metric is
defined by considering the points 0 and 1 to be distance 1 apart, ie: we consider
the space {0,1} as a subspace of the real line R.

Observe that L

1
5 {1=B03)

So the subsets {0} and {1} are open. Certainly neither of these subsets
are empty, {0} N {1} = 0, and {0,1} = {0} U {1}. So the space {0,1} is not
connected.

{0} = B(0,

12



Proposition 2.12 A metric space X is connected if and only if any continuous
map f: X — {0,1} is constant.

Proof: Let f: X — {0,1} be a non-constant continuous map. Let U; =
f71{0}] and Uy = f~1[{1}]. The sets {0} and {1} are open by the above.
Thus by continuity, the inverse images U; and U, are open.

Since the map f is not constant, it is surjective. It follows that U; # @ and
Uz # 0. Obviously, Uy N Uz = 0, and Uy UU; = f71[{0,1}] = X. So the space
X is not connected.

Conversely, suppose that the space X is not connected. Then it admits
a partition X = U; U Us, where U; and U, are open and non-empty, and
Uy NUy = 0. It follows that we have a well-defined non-constant continuous
map f: X — {0,1} given by writing

w={1 10

Theorem 2.13 The interval [0,1] C R is connected.

Proof: Let f:][0,1] — {0,1} be a continuous map. Suppose that f is not
constant. Then we can find a,b € [0,1] such that f(a) =0 and f(b) = 1.

By the intermediate value theorem, for some value ¢ between a and b, we
have f(c) = % But the value % does not lie in the codomain of f. Hence this
statement is a contradiction.

It follows that the function f must be constant. Therefore the interval [0, 1]
is connected. a

Proposition 2.14 Let X be a connected space, let Y be a topological space, and
let f: X =Y be a surjective continuous map. Then the space Y is connected.

Proof: Let g:Y — {0, 1} be a continuous map. Then the composite fog: X —
{0, 1} is continuous, and therefore constant, since X is conntected.

It follows that the map g is constant, since the map f is surjective. Hence
the space Y is connected. O

In particular, for any continuous map f: X — Y between topological spaces,
if the space X is connected, then so is the image f[X].

2.3 Path-Connected Spaces

As in the previous section, it is no extra work to formulate our main definitions
and abstract results for topological spaces rather than metric spaces. However,
later on we need to specialise.

13



Definition 2.15 Let X be a topological space, and let zg,21 € X. Then a
path in X from z( to 2 is a continuous map ~: [0, 1] — X such that v(0) =
and v(1) = ;.

The space X is called path-connected if there is a path between any two
points in X.

Example 2.16 Let V be a normed vector space. Let zg € V, § > 0. Then the
ball B(xzg,d) is path-connected.
To see this, let vy, v1 € B(xg,0). Write

Y(t) = vo + t(vy — vo)

It is straightforward to check that the map v:[0,1] — V defined by the above
formula is continuous. Let ¢ € [0,1], and observe

v(#) — 20 = (1 —t)vg + tv1) —xo = (1 — t)(vg — xg) + t(v1 — X0)
Hence, since ||Jvg — xg]] < § and ||vy — z¢]| < , we have
[7(t) = @oll < (L =1t)|lvo — 2ol + tllvr — zol| < (A —t)6 + 15 =4

Thus the map  is a path in the ball B(xg,d) from the point vy to the point
V1.

Proposition 2.17 Let X be a path-connected topological space. Then X is also
connected.

Proof: Let X be path-connected. Suppose we have a non-constant continuous
map f: X — {0,1}. Then we can find points zg,z1 € X such that f(zg) = 0
and f(z1) = 1.

Since X is path-connected, we have a path, v, in X from xy to x1. So we
have a continuous non-constant function f o+:[0,1] — {0,1}. But by theorem
2.13, the interval [0, 1] is connected. Hence this statement is a contradiction.

It follows that we have no non-constant continuous map f: X — {0, 1}, and
hence that the space X is connected, as required. O

The proof of the following fact is left as an exercise.

Example 2.18 Let G = {(z,sin(1/z)) | > 0}. Let
X = ({0} x [-1,1]) UG C R?
Then the space X is connected, but not path-connected.

The following proposition is also an exercise.

Proposition 2.19 Let X be a topological space. Then we can define an equiv-
alence relation, ~, on X, by writing x ~ y when there is a path in X from x to
Y- O

14



The equivalence classes of the above equivalence relation are called the path-
components of the space X. If the space X is path-connected, then there is
only one path-component. Otherwise, the space X is the disjoint union of its
path-components.

Lemma 2.20 Let R be an open subset of a normed vector space. Then the
path-components of R are open sets.

Proof: Let C' C R be a path-component. Let o € C. Then, since the set R
is open, we can find § > 0 such that B(zg,0) C R. But the open ball B(xg, )
is path-connected by example 2.16. Hence B(xg,0) C C.

It follows that the path-component C' is open. O

Theorem 2.21 Let R be a connected open subset of a normed vector space.
Then the space R is path-connected.

Proof: Suppose that the space R is not path-connected. The path-components
of the space R, {C\ | A € A} are equivalence classes, and thus are pairwise
disjoint, and Uxeac, = R.

Since the space R is not path-connected, there are at least two components.
Choose a component, C, and let D be the union of the other components. Then
C #0and D # 0. Further, CND =0 and CUD = R.

By the above lemma, each path-component is an open set. Hence the set C
is open, and the set D is a union of open sets, and therefore open. We see that
the space R admits a partition R = C'U D, and is therefore not connected. 0O

3 Differentiation

3.1 The Total Derivative
Recall that a function f: R — R is differentiable at a point € R if the derivative

) =t L) = @)

h—0 h

exists.
We can rewrite this equation

flx+h)= f(x)+ f(x)h+ |hlr(h) limr(h) =0

r—0

In this form, we can extend the above definition to normed vector spaces.

Definition 3.1 Let V and W be normed vector spaces, and let R C V be an
open subset. We say that a function p: R — W is differentiable at a point x € R

15



if there is a bounded linear map (Dy),: V — W, and a function r: B(0,§) = W
for some 0 > 0 such that

p(z +v) = () + (Dp)ev + [v]|r(v)

for all v € B(0, ), where lim,_,o7(v) = 0.
The above linear map (Dy),: V' — W is called the total differential of the
function ¢ at the point x.

We refer to a function p: R — W as differentiable if it is differentiable at
every point of the domain R.

Note that if V and W are finite-dimensional normed vector spaces, the above
notion does not depend upon the choice of norm.

Lemma 3.2 Let V and W be normed vector spaces, let R C V be an open
subset, and let p: R — W be a function that is differentiable at the point x € R.
Then the total derivative (Dy), is uniquely determined.

Proof: Suppose we have linear maps Li,Ls:V — W, and functions
r1: B(0,61) = W, ro: B(0,2) — W such that

p(+v) =p(@) + Lo+ vfri(v)  limri(v) =0

v—0

and
ol +0) = o(@) + Lov + lollra(v)  lim ra(u) = 0
Let 6 = min(dy,d2). Subtracting, we see that
0= (L1 — La)v + [Jo]|(r1(v) — r2(v))

whenever v € B(0,d). We need to show that L; — Ly = 0. For convenience,
write L = L1 — Ly, and r = ry — r9. Then

0= Lv+ |jv|r(v) lim r(v) =0
v—0
Let u € V, u # 0. Write v = tu, where t € K. Then

0 = L(tu) + |[tu||r(tuw)

Rearranging:
tL
ﬂ — —r(tu)
[l
Let ¢t > 0. Then the above becomes
L(u)
—= = —r(tu)
[[ul

Now, let t — 0. Then —r(tu) — 0, but the expression ﬁ remains constant.

Hence
L(u)

lull
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that is to say L(u) = 0, and we are done. a

Example 3.3 Let T:V — W be a bounded linear map. Then, for any point
x €V and v € V, we have

Tx+v)=T@)+Tv=T(x)+Tv+|v] -0

It follows that the map T is differentiable, with total derivative T at any
point z € V.

The following is similarly easy to check.

Example 3.4 Let c: R — W be a constant map, where R C V is an open set,
and V and W are normed vector spaces. Then the map c is differentiable, and
the total derivative is 0.

Proposition 3.5 Let V and W be normed vector spaces, and let R C'V be an
open subset. Let p1,p2: R — W be functions that are differentiable at the point
x € R.

Let ay, a9 € K. Then the function aip1 + asps is differentiable at the point
x, with total derivative

D(aq1p1 + aop2)s = a1(Dp1)g + aa(Dp2)y

Proof: We have 61,02 > 0, and functions r1: B(0,61) — W, ro: B(0,2) - W
such that

pr(z +v) = pi(@) + (Dpr)ev + [[ofri(v)  limr(v) =0

and
p2(z +v) = p2(z) + (Dp2)av + ||v][r2(v)  limre(v) =0

v—0

Let § = min(dy,d2), and define r: B(0,5) — W by the formula r(v) =
a171(v) + agra(v). Then

ar1p1(x 4+ v) +aspa(z+v) = arpi(x) + aspa(x)
+(a1(Dp1)s + az(Dp2)s)(v) + [|v][r(v)
where
lim r(v) =0
v—0
The result now follows. O

We leave the following as an exercise.
Proposition 3.6 Let V and W be normed vector spaces, and let R C V be

an open subset. Let o: R — W be a function that is differentiable at the point
x € R. Then the function ¢ is also continuous at the point x. m]
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The following result is known as the chain rule. It illustrates the beauty and
potential utility of the concept of the total differential.

Theorem 3.7 Let U, V, and W be normed vector spaces. Let R C U and
S CV be open sets, and let p: R — S and ¢: S — W be functions.

Suppose that the function ¢ is differentiable at the point x € R, and the
function 1 is differentiable at the point o(x) € S. Then the composite op: R —
W is differentiable at the point x € R, with total derivative

Do @)e = (DY)y() © (Dp)x
Proof: Set y = ¢(z). Then

p(x +v) = @) + (Dp)pv +[v]r(v)  limr(v) =0

and
Dy +w) =9(y) + (DY)yw +[lwl[s(w)  lim s(w) =0
Observe
(Wop)@+v) = v(p(z+v)
= P(e(@) + (Dp)ev + [[v]r(v))
= Y(p(z))
+(DY)y ((Dg)zv + [|v]|r(v))
+H(Dp)zv + [[v]|r(v) [| - s((Dp)ev + [Jv]|r(v))
So
(Wop)(x+v) = (DY)y((Dp)s(v)) + [|v]lt(v)
where

DY)y (lvlr(w)) | [[(De)ev + [loflr(v) |
o]l o]

t(v) =

s((D@)zv + [[o]r(v))
We must show that t(v) — 0 as v — 0. Observe that

lim D)y (Jlelir(v)) = lim (Dy),r(v) =0

v—0 ||1}|| v—0

since the function r has limit 0 at 0, and the total derivative (D), is continuous
and linear.

Let D
o) = 122 WO (D), o)

[[o]]

Then it remains to show that ¢(v) — 0 as v — 0. Since the derivative (D),
is a bounded linear map, there is a constant M > 0 such that

(D)ool < Mo

18



for all v e V.
By the triangle inequality, we have

[(D)zv]| + [[o]] - [[r(v)

o L)+ Iolir@)

lg(v)]l <

and so
la@)Il < (M + |Ir(@)] )lIs((De)av + ||v]lr(v))]

Let v — 0. Then |v||r(v) — 0, and (D¢),v — 0 by continuity. Since
lim,, 0 s(w) = 0, it follows that s((Dg)zv + ||v||r(v)) — 0.
Hence ||¢(v)|| — 0. Therefore

lim ¢(v) =0

v—0

and we are finally done. |

3.2 Differentiation of Paths

Let V be a normed vector space. Recall that a path in V' is simply a continuous
function v: [a,b] — V.

Definition 3.8 We say that the path ~ is differentiable at the point ¢ € [a, ]
if the derivative
Y(E+h) =)

v (t) = lim
exists.

The above makes sense, since h € R. We can rewrite the above equation
V(E+h) =@+ (Oh + [blr(h)  limr(h) =0

Thus, when t € (a,b), the above is related to the total derivative by the
formula

(D)e(h) =~ (t)h
Let V. = K™. Write y(t) = (y1(t),...,7n(t). Then it is straightforward to
check that
V() = (), ()
Example 3.9 Define a path 7: [0,27] — R? by the formula
v(t) = (cost, sint)

Then ~ is differentiable, and /(t) = (—sint, cost).
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In the above example, note that v(0) = v(27) = (1,0). So y(27) —v(0) = 0.
However, /(t) # 0 for all ¢, so there is no value ¢ € [0, 27| such that

7(2m) = (0) = (27 — 0)7(c)
The nearest analogy of the mean value theorem in higher dimensions is the

following result, which we call the mean value inequality.

Theorem 3.10 Let~y: [a,b] — R™ be a differentiable function. Then there exists
¢ € [a,b] such that

lv(®) = v(a)| < (b= a)lly (<)l

Proof: Suppose that y(a) # v(b); if y(a) = v(b), then the result is obvious.
Define a vector
7(b) —7(a)

IRIOERIOI

Then ||z|| = 1. Define a map k:[a,b] — R by the formula
k(t) = (z,7(1))

Then the function k is differentiable on the interval [a, b], with derivative
K(t) = (z,7(t))

By the mean value theorem in ordinary real analysis, we can find ¢ € [a, b]
such that k(b) — k(a) = (b — a)k'(c¢). In particular,

k() = k(a)| < (b= a)|K'(c)]

Now

7(b) —~(a)
[7(b) = y(a)]l

because of the relation between the inner product and the Euclidean norm.
Hence, by the Cauchy-Schwarz inequality

Iv(6) = ~v(a)]| < (b= a)llzlllY ()]l = (b= a)llv' (o)l

and we are done. O

k(b) — k(a) = ( ,7(0) = 7(a)) = [7(b) = (0|

3.3 Directional Derivatives

Let V and W be normed vector spaces, and let R C V be an open subset.

Definition 3.11 Let x € R, and v € V. Then we say that a function p: R — W
is differentiable in the direction v if the directional derivative

. plr+tv) —e(x

exists.
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Note that the directional derivative D, (), is a vector in the space W. We
sometimes write D, (¢), = D, (p)(z). Observe that we can also write

Dv(@) (I + SU)|S:O

Proposition 3.12 Let ¢: R — W be a mapping that is differentiable at the
point x € R. Then for all vectors v € V, the directional derivative D, (),
exists, and is related to the total derivative by the formula

Dy(p)z = (D) (v)
Proof: Let v € V. Let t € K. Then

p(a + 1) = p(x) + (Dp)(to) + [[toljr(tv)  limr(tv) =0

Hence
ozt tv) —o(z) o [l ()
lim : = (Dg), (o) + Jim T
Now el (tv)
. v||r(tv .
tim || = o iy i (t0)] = 0
and we are done. O

Corollary 3.13 Let~:[a,b] — R be a differentiable function, and let o: R — W
be a differentiable function. Then the path ¢ o v:[a,b] — W is differentiable at

each point, and (¢ o) (t) = Dy (1)(©)y@) -

Proof: Recall that v/ (t)h = (D~y):h for any path . Hence, by the chain rule
and the above, for a real number h:

(o) (t)h = D(poy)ih
(D)) (Y (£)h)
h(De)~ ) (Y (1))
= hDyw)(0)yw

The result is now clear. O

Theorem 3.14 Let V and W be normed vector spaces, and let R C V be a
connected open subset. Then a function ¢: R — W is constant if and only if it
is differentiable at each point x € R, with (D), = 0.
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Proof: If the function is constant, it is easy to check that it is differentiable
everywhere, and the total derivative is always zero.

Conversely, suppose that the function is differentiable everywhere on the do-
main R, and the total derivative is always zero. Then by the above proposition,
the directional derivatives are all zero.

Let x € R. Then, since R is open, we can find ¢ > 0 such that B(z,d) C R.
Let y € B(z,d). Then we can define a path, v:[0,1] — B(z,¢), from x to y by
the formula

() =z +ty —z)

Let v =y — x. Then +/(t) = v, and by corollary 3.13,

(o) (t) = Dy (@)yw =0

since the directional derivatives are all zero.

Hence, by the mean value inequality, ||¢(7(0))—¢(v(1))]] = 0, and so p(z) =
e(y).

The above argument shows that for any value, a, of the function f(x), the
set

Co={zeR| f(z) =a}

is open.

Suppose that the function X is not constant. Then there are at least two
values, a and b. Hence we have non-empty open sets C,, and

D= |J Cu

weB\a

It is obvious that R = C, UD, and C, N D = (). Hence the domain R admits
a partition, and is therefore not connected, which is a contradiction. O

Now, let V and W be finite-dimensional vector spaces, let u € V, and let
R C V be an open subset, and let ¢: R — W be a map such that the directional
derivative D, (), exists for all € V. Then we have a map

Dy(p): R—W  Dy(p)(x) = Du(p)x

We can ask whether this new map is differentiable in another direction v € V.
The following result is known as Schwarz’s theorem or Clairaut’s theorem.

Theorem 3.15 Let ¢: R — W be a map such that for u,v € V the second
directional derivatives D, D, () and D,D,(p) exist and are continuous. Then
DyDy(p) = DyDy ().

Proof: Since the space W is finite-dimensional, we may look at components,
and assume that W = K. We can further assume, by splitting into real and
imaginary parts, that K = R.
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Fix € R. Define f(s,t) = ¢(z + su + tv) — p(s,t), for s,t € R sufficiently
small that the expression makes sense. For fixed s and ¢, define a function
9:10,s] = R by the formula

g9(0) = p(z + ou+ tv) — p(x + ou)

By the mean value theorem for real functions, there exists s; € [0, s] such
that g(s) — g(0) = s¢’(s1), that is

o(x 4 st +tv) — o(x + su) — p(z + tv) + ()
= sDyu(p)(x + s1u+ tv) — Dy(¢)(z + s1u)

Now, define a map h:[0,t] — W by the formula
h7) = (Dyp)(z + s1u + Tv)

By the mean value theorem, we obtain ¢; € [0,¢] such that h(t) — h(0) =
th'(t1), that is

D, (p)(z + s1t + tv) — Dy(¢)(z + s1u) = tD, Dy (¢)(z + s1u + t1v)

Combining the above two equations arising from the mean value theorem,
we see that

o+ su+tv) — p(x + su) — p(z + tv) + p(z) = stDy Dy (@) (x + s1u + t1v)

Similarly, applying the above trick in the opposite order, we have s, € [0, s]
and to € [0,¢] such that

oz + su+tv) — oz + su) — oz +tv) + p(z) = stDy D, (p)(x + sau + tav)

Hence

DyDy,(p)(x+ s1u+t1v) = Dy Dy () (x + sau + tav)

whenever s # 0 and t # 0.

If we take the limit as s — 0 and ¢ — 0, then certainly s; — 0, t; — 0,
s3 — 0, and to — 0. The derivatives D, D, (¢) and D, D,(p) are assumed in
the statement of the theorem to be continuous at the point x.

Hence

DyDy(¢)e = Dy Du(0)

and we are done. O
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3.4 Partial Derivatives

Let R C K™ be an open subset, and let f: R — K be a map. Let (z1,...,2Zm)
be coordinates in the space K. Then the partial derivative, % is defined by

differentiating the function f with respect to the variable x; while treating the
other variables as constants.
More generally, if we have a function f: R — K", we can write

f(x17-~'71'm) = (fl(zla"'7xm)7"'>fn(xl7"'axm))

and form the partial derivatives g;: L,
J

Proposition 3.16 Let {ey,...,en} and {€},... e} be the standard bases of
the space K™ and K™ respectively. Then

—%(1‘)6/1+"'+%

D, (f)e = g e ()

Proof: Let x € R. Then the partial derivative gﬂ{ (x) is defined as the limit

6'][‘1 (JU) _ hm fi(Il, e ,Ij —|—t, e ,.Irn) — fi(l‘l, . ,.Irn)
axj t—0 t

We can write this limit

0fs (o) _ i Fo0 - 105) = ile)

O0x; t—0 t

and the result follows. O

In particular, the partial derivatives exist if and only if the directional deriva-
tives in the directions of the standard basis vectors exist.
The following is immediate, by Schwarz’s theorem.

Corollary 3.17 Let R C K™ be an open subset, and let (x1,...,2xm,) be coor-
dinates in the space K™. let i,j € {0,...,m}, and let f: R — K be a map such
that the second partial derivatives

o*f (@) *f .
dz,;0z; Oz ;0x;

exist and are continuous for all x € R.

Then
o f B 0 f
8@8@ B 83:36331

O

Partial derivatives are useful for computations, but depend upon a choice of
basis, and are therefore less useful theoretically.
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Example 3.18 Define a function f:R? — R by the formula

Zﬁyg

f(x,y):m

(z,y) # (0,0)
and f(0,0) = 0.

Then the partial derivatives %(07 0) and 2—5(0,0) exist. However, the func-
tion f is not continuous, and hence not differentiable, at the point (0, 0).

We leave the computations needed to prove the statements in the above
example as an exercise.

Now, let R C K™ be an open subset, and let f: R — K" be differentiable at
the point z € R. Let {e1,...,en} and {€],..., e}, } be the standard bases of the
spaces K™ and K™ respectively.

Then by proposition 3.12 and the above proposition, we have

af; , Ofn ,
(Df)etes) = 5E @y +-+ G2 @),

Hence the total derivative (Df), has matrix (gj; (z)) with respect to the
standard bases.

Let y = f(z), and suppose we have a map ¢: f[R] — KP that is differen-
tiable at the point y. Abusing notation somewhat, let us write (f1,..., fn) to

denote coordinates in the space K™. Then the total derivative (Dg), has ma-

trix (g]gc; (y)), and by the chain rule the matrix of the derivative D(g o f), is

obtained by matrix multiplication of the above two matrices.

Theorem 3.19 let R C K™ be an open subset, and let p:R —
K™, Let (z1,...,%m) be coordinates in K™, write o(z1,...,Tm) =
(p1(x1y oy Zm)y e (X1, .o 2m)), and let € R.

Suppose that the partial derivatives of the function ¢ all exist on R, and are
continuous at the point x. Then the total derivative (D), exists, and is given

by the matrix (gfi

and K™.

J

) with respect to the standard bases of the vector spaces K™

Proof: Let {e1,...,e,} and {€],..., e}, } be the standard bases of the spaces
K™ and K™ respectively. Then the directional derivatives

0 0
Dy(p)y = De,(9)w) = G (w)el +--+ 5 (w)e,

exist for all points y € R, and are continuous at the point x.
Define a linear map D: K™ — K™ by the formula

D(vi,...,vp) = Z%‘Dy‘(@)(z)
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We need to show that the linear map D is the total derivative of the function

( at the point x.
Let v = (vy,...

X
so that X,,, =z +v and Xg =

le(x +v) = @(z) = D(v)||

,Um), and set

=x+vie; +---vjey

X

IN I

. Then, for any sufficiently small vector v:

lo(z +v) = p(x) = 37, v;D [
122051 (o(X5) — o(Xj—1) x
—-1) — Uy

2im le(X5) = o(X;-1)

)()
—v;D;()(@))||
(e)(

(e
: )
j |

' X

We can define a path v,:[0,1] — K" by the formula

75(t) = o(Xj—1 + tvje;) — tv;D;(p)(2)

Existence of all partial derivatives in the region R means that the map ; is
differentiable. By the chain rule, the derivative is given by the formula

Yi(t) = v;D;(p)(Xj-1 + tvje;) — v; D) (x)

By the mean value inequality, there is a point ¢; € [0,1] such that

175 (1) = %3 (O] < [l (es)l

ie:

X

o (Xj—1+vje;)—p(X;

Takin sums, we see that

le(z +v) = ¢(z) — D(v)]|

ININIA

by proposition 1.17.

~1)=0;Di(@) (@) < [lv;D; (@)

X

j—1tcjvie;)—v;Dj(p) ()]

D= [l 1D5(9) (X1 + cjvje;)

—v;D;j(¢) (@)l
[0]loe 22521 1D5(0)(Xj—1 + cjuse;) — Dj(p) (@)
i 1D (9)(X;

[l 275 -1+ cjuies) — Di(e)(@)|

j=

Now the partial derivatives, and hence the functions D;(y) are continuous
at the point z. Certainly X;_; — = as v — 0. It follows that

lim [[Dj(9)(Xj-1 + ¢jvje;) = Di(e) (@)l = 0

For sufficiently small v, let

Then

(z +v) = p(2) = D(v)
o]
+ D(v) + [[o]r(v)
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By the above,
I ()l < D 1D (@) (X1 + ¢jvje;) = Dilo) (@)l
j=1

and
lim r(v) =0

v—0

Hence the map D is the total derivative of the function ¢ at the point x, as
required. O

Example 3.20 Define a map f:R? — R? by the formula

f(xvy) = (em+y7x2 + y2)

Write f; = e®*¥ and fo = 22 + y2. Then

Ofh _ vy 91 _ ety
or € oy €
and of of
2 92 _

These partial derivatives are all continuous. Hence the total differential is
the linear transformation defined by the matrix

erer em+y

Let v = (1,1). Then the directional derivative D, (f)(z,y) is, as a column

T )= (% %) () =)

or in other words D, (f)(z,y) = (2e*1Y,2(z + y)).
Example 3.21 Let h:R? — R be defined by the formula
h(z,y) =sin(e”™¥ +2® + )

Define a map g: R? — R by the formula g(z,y) = sin(z + y).
Then

99 _ 99 _
B cos(z + y) oy cos(x + y)

These partial derivatives are both continuous. Hence the map g has total
differential defined by the matrix

(Dg)(ay) = ( cos(z +y) cos(z+y) )
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Observe that h = go f, where f is the function in the above example. Hence,
by the chain rule

(Dh)(r7y) = (Dg)(em+?/7w2+y2)(Df)(r,y)

that is

T+y Tty
(Dh)(z,y) = ( cos(e™¥ + 2% +y?) cos(e” + 22 +y?) ) < € € >

2z 2y

SO
(DR)(z,y) = (cos(em“’ + 22+ 2"V 4+ 22)  cos(e”TY 4+ 2% + y?) (" + 2y))
The proof of the following result is an exercise using the above theorem.

Proposition 3.22 Let V' and W be finite-dimensional vector spaces, and let
R CV be an open subset. Let p:V — W be a function such that for allv eV,
the direction derivative D, (p)(x) exists for all z € R and defines a continuous
function D,(p): R — W.

Then for all x € R the total derivative (D), exists, and is given by the

formula (D), (v) = Dy(p)(x). -

3.5 Real and Complex Differentiability

let V and W be complex normed vector spaces. The spaces V and W can also
be considered as real normed vector spaces (with double the dimension). Let
R C V be an open subset. When we consider a map ¢: R — W, we have to
distinguish between real differentiability and complex differentiability.

Recall that differentiability at a point x € R is the condition

oz +v) = p(x) + Du+ [ollr(v)  limr(v) =0
where D:V — W is a linear map.

However, complex differentiability means that the map D is C-linear,
whereas real differentiability means that the map D is R-linear. Thus, real differ-
entiability is weaker than complex differentiability. Any complex-differentiable
map is also real-differentiable. The converse of this statement is not true, as we
shall see below.

Lemma 3.23 Let V and W be complex normed vector spaces, let R C V be
open, and let o: R — W be a function that is real-differentiable at a point
x € R, with real total derivative (D) ,:V — W.

The function ¢ is complez-differentiable at the point © € R if and only if
(D) (1v) = i(Dp)y(v) for all v € V. If this condition is fulfilled, the complex
differential is also (D).
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Proof: The condition
p(z+v) = p(@) + (De)ev +[vflr(v)  limr(v) =0

completely determines the total derivative (Dg), at the point z.

It follows that, if the real derivative is (Dy),, then we have a complex
derivative, which is also (Dy),, if and only if the R-linear map (Dy), is also
C-linear.

But the last condition is equivalent to saying that (Dy).(iv) = i(Dy).(v)
for all v € v. ]

Theorem 3.24 Let R C C™ be an open subset, and let ¢: R — C™ be a function
that is real-differentiable at a point x € R.

Let (z1,...,2m) be coordinates in the space C™, and write z; = x; + iy;,
where xj,y; € R. Then the function ¢ is complex-differentiable at the point x
if and only if
d¢ Op
—(x) =i=——(x
G (@) = g @)
for all j.

Proof: Write D = (Dy),. By the above, we need to show that D(iv) = iD(v)
for all v € C™ if and only if

90 1) =i 22 (2)

ayj N Zaxj
for all j.
Let {e1,...,em} be the standard basis of C"™. We know that
0
5y, (®) = (Die,)(a) = Dlie;)
and

Iy

5o (@) = (De)(x) = D)

By R-linearity the condition D(iv) = ¢D(v) holds for all v € C™ if and only

if D(ie;j) = iD(e;) for each basis vector e;. The result now follows. O

We leave the proof of the following as an exercise.

Corollary 3.25 Let R C C™ be an open subset, and let p: R — C be a function
that is real-differentiable at a point x € R.

Write ¢ = g + ih, where g and h are real-valued functions. Let (z1,...,2m)
be coordinates in the space C™, and write z; = x; +1y;, where x;,y; € R. Then
the function o is complex-differentiable at the point x if and only if

Oy oh oy Oh
dy; " Oa; dx; " Oy,

(z
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for all j. o
The above equations are called the Cauchy-Riemann equations.
Example 3.26 Define f:C — C by the formula
fz) ==
If have have z = x + iy, then Z = x — iy.

Writing f = g + ih, we have g(z,y) = « and h(x,y) = —y. We have partial
derivatives

o9 _,_on
dy ox
and
9 _,  Oh__
ox dy

The partial derivatives are continuous, so the function f is real-differentiable.
However, the Cauchy-Riemann equations are not satisfied, so the function f is
not complex-differentiable.

Example 3.27 Define f: C?> — C by the formula

2

futiv, z4iy) = v x?+0%y* —u?y? —v?2? —duvry+2i (v oy —vcy+uvr? —uvy?)

Write f = g + ih, where g and h are real-valued functions. Then

2

g(u, v, z,y) = vx? +v2y? —u?y? — v?2? — duvay

and

2

h(u,v,z,y) = 2(ulzy — viey + wvz? — uvy?)

We have partial derivatives

oh
99 _ 20y? — 2uz? — duzy — = —2vy% + 2vz? + duxy
Ov ou
0 oh
99 _ Qua? — 2uy? — dvxy — = 2ux® — 2uy® — dvzy
ou v
0 oh
99 _ 202y — 2y — duvz — = —20%y + 2u%y + duvz
dy or
0 oh
99 _ 2ulx — 20%x — duvy — =’z — 2v%x — duvy
ox dy

The above are all continuous, so the function f is real-differentiable. Further,
the Cauchy-Riemann equations are satisfied so the function f is also complex-
differentiable.
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4 Differential Forms

4.1 The Notion of a Differential Form

Let V and W be normed vector spaces. Recall that Hom(V,w) is the vector
space of bounded linear maps 7V — W. Assuming V # {0}, we can define a
norm on the space Hom(V, W) by the formula

| To]

veV,v#£0 H’U”

1T =

As already mentioned, we call this norm the operator norm. If we need to
talk about continuity or differentiability in the space Hom(V, W), we assume
that we have this norm.

If the spaces V and W are finite-dimensional, with dimensions m and n re-
spectively, then the space Hom/(V, W) is also finite-dimensional, with dimension
mn. In this case, we do not need to worry about the particular choices of norms.

Definition 4.1 Let V and W be finite-dimensional vector spaces. Let R C V
be an open set. Then a differential form of degree 1 on the set R with values in
the vector space W is a map

w:R— Hom(V,W)

We write Q' (R; W) to denote the set of degree 1 differential forms on R with
values in W.

Actually, we only consider degree one differential forms in this course. Hence,
from now on, we refer to a map w: R — Hom(V, W) just as a differential form.

Example 4.2 Let ¢: R — W be a differentiable map. Then for each point
x € R we can form the derivative (Dy)(z) € Hom(V, W).
Thus the derivative Dy is a differential form.

Observe that the set Q!(R; W) (with pointwise addition and scalar multipli-
cation) is a vector space over the field K. Moreover, given a function f: R — K
and a differential form w, we can define a differential form fw by writing

(fw)(z) = f(@)w(z) z€R

Here f(z) € K is a scalar, and w(z): V — W is a linear map, so the above
makes sense.

Definition 4.3 Let R C K™ be an open subset. Then we define the differential
form dz; € Q'(R;K) by writing

dzj(xz)(vi,...,0m) =0,

for all z € R and (vy,...,v,) € K™.
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Given functions g;: R — K, we have a differential form
gldxl +-+ gmdxm S Ql(Rv W)

Proposition 4.4 Let R C K™ be an open set, and let w € Q' (R;K). Then
there are functions g;: R — K such that

w :gldxl + - +gmdl'm

Proof: Let x € R. Then we have a linear map w(z): K™ — W.

Let {e1,...,en} be the standard basis of the space K™. Define the function
gj: R — K by writing g;(z) = w(x)(e;). Then, for a vector v = (v1,...,vn) €
K™, we have

w(@)(vi,...,v,) = vw(z )(61) + 4 vmw(x)(em)
B 91(96) ( )( )+ +gm($)d$m($)(v)

and are done. O

Proposition 4.5 Let f: R — K be a differentiable function. Then

Df = Z dx]

Proof: Let v = (v1,...,0,) € K™, and let & € R. Since the derivative
(Df)(x) has matrix (ﬂ(;v)) with respect to the standard basis of the space

Ox;
K™, we see that

< f
g 5‘7 Z 8:01 92,0 | (@)(@)

and we are done. O

4.2 Exactness

We have already seen that for a differentiable function, f, the total derivative
Df is a differentiable form. The fundamantal question we are going to examine
in this course is precisely which differential forms arise in this way.

Definition 4.6 We call a differential form w: R — Hom/(V, W) ezact if there is

a differentiable function ¢: R — W such that Dy = w.
Such a function ¢ is called a primitive function for the differential form w.

32



For example, let R C R be an open interval, and let w: R — Hom(R,R)
be a continuous differential form. Then we can write w = f dx, where f is a
continuous function.

Pick zy € R, and define a function F: R — R by the formula

Pla) = / " r) at

Then by the fundamental theorem of calculus, F'(x) = f(z). It follows that
Df = f dx = w. Thus the form w is exact, with primitive function F.

In higher dimensions, this problem is far more difficult to solve, and not
every continuous form is exact. The exactness question depends upon, amongst
other things, the shape of the region R.

Proposition 4.7 Let V and W be finite-dimensional vector spaces, let R CV
be a connected open subset, and let w € Q*(R; W) be an exact differential form.

Let 1 and @9 be primitive functions of the form w. Then the difference
1 — Y2 18 constant.

Proof: The difference @1 — 9 is differentiable, with derivative
D(p1—¢2)=Dp1 —Dps=w—-—w=0

The result now follows by theorem 3.14. o

Corollary 4.8 Let w € QY(R; W) be an exact differential form, where R CV
18 a comnected open susbset.

Let x € R and w € W. Then the form w has a unique primitive function,
p: R — W such that p(x) = w.

Proof: Let: R — W be a primitive function for the form w. Define p: R — W
by the formula

¢(x) = psi(z) +w — (o)
Then D¢ = Dy = w, since the derivative of a constant function is constant,
and ¢(xg) = w.
Uniqueness now follows from the above proposition. ]

4.3 Pullbacks

Let V and W be finite-dimensional vector spaces. Consider a differential form
w € QY (R; W) where R C V is an open subset.

Let V'’ be another finite-dimensional vector space, let R’ C V' be open, and
let f: R — R be a differentiable map. Then the differential D f gives us a linear
map (Df),: V' — V for each point x € R’.
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Definition 4.9 We define the pullback of the form w along f to be the differ-
ential form f*w € QY(R’; W) defined by writing

(ffw)(@) () =w(f(@)(Df)2(v) @ €R, vinV’
Thus, given « € R’, the linear map (f*w)(x): V' — W is the composition
v 2y D gy

Proposition 4.10 Let w € QY(R; W) be an ezact differential form, with prim-
itive function . let f:R' — R be a differentiable map. Then the pullback
ffw € QYR; W) is also exact, with primitive function p o f.

Proof: Let z € R’ and v € V’. By the chain rule
D(po f)a(v) = (D¢) sa)(Df)a(v)

By definition of pullback

fro(@)(v) = w(f(@))(Df)e(v') = (De) (@) (Df)2 (V)

Let w € QY(R; K), where R C K" is an open subset. Write
w=gi1dr1 + - + gpdx,
Let f: R — R be a differentiable map, where R’ C K™. Write
flur, .o yum) = (filur, ooy um), ooy fa(ur, ooy tm))

The derivative (D f)(u) is the matrix (%(u)) Hence the pullback f*w(u)
is obtained from the expression
w = gidxy + -+ + gpdz,

by writing
Afi
o 5‘u1

dfi
Ouyy,

dx; (w)duy + -+ (u)duy,

and

gi(w) = gi(f(u))

Example 4.11 Let w = y dz—xz dy € Q'(R?,R). Define a map f: (0,00) xR —
R? by the the formula
f(r,0) = (rcosf,rsind)

Write = rcosf and y = rsinf. Then

T T .
— = cosf — = —rsinf

or o0
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and

-~ =siné @:rcosﬁ

or 00
We see that

dx = cosf dr — rsinf df dy = sinf dr + rcos6 df

Hence
ffw = rsinfcosf dr —r?sin®0 df — rcosfsinb dr — r2 cos? 6 db
= —r?%(sin? 6 4 cos?0) db
= —r2df

4.4 Symmetric Forms

Let V and W be real finite-dimensional vector spaces. Let R C V be open, and
let w € Q' (R; W). Then the differential form w is a map w: R — Hom/(V, W).
It makes sense to ask whether the map w, as written above, is differentiable. If
this is the case, then the derivative (Dw), at the point z € R is a map

(Dw):V — Hom(V, W)

Write (Dw)y(u,v) = (Dw),(u)(v). Then we can view the differential (Dw),
asamap (Dw)z;: V xV — W.

The map (Df2), is a bilinear map, ie: if we fix u,v € V, the maps
(Dw)y(u,—):V — W and (Dw),(—,v):V — W are linear.

Definition 4.12 let w € Q'(R;w) be a differentiable differential form. Then
we call the form w symmetric if, given € R, we have

(Dw)z(u,v) = (Dw) (v, u)
for all u,v € V.

Note that we are only considering the notion of symmetry for real differential
forms. The plan in this section is to show that any continuously differentiable
exact differential form is symmetric. To do this, we first need a computational
lemma.

Lemma 4.13 Let w € QY(R; W) be a differentiable differential form.

1. Let v € V. Define a function f,: R — W by the formula f,(z) = w(z)(v).
Then, for a vector u € V, we have directional derivative D, (fy). =
(Dw) g (u,v).

2. Suppose that the form w is exact, with primitive function w. Then for all
x €r and u,v €V, we have the formula (Dw)y(u,v) = Dy Dy (p)(x).

Proof:
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1. Define a linear map FEv,: Hom(V,W) — W by the formula Fv,(T) =
T(v). Then the map f, is the composition

R Hom(V,W) 2% W

Since the map Fwv, is linear, we have total derivative (DEwv,)(T) =
Ev,(T). Hence, by the chain rule

Dy(fv)z = (D fy)z(u) = Evy(Dw)z(u) = (Dw)y(u)(v) = (Dw)z(u, v)
2. By the above, we know that

(D(J.))m(u, U) = Du(fv):r

where
fo(@) = w(z)(v) = (Dg)z(v) = Du(p)s
Hence
(Dw)e(u,v) = DyDy(p)
as claimed.

Theorem 4.14 let w € QY (R; W) be a continuously differentiable differentiable
form. Suppose that the form w is exact. Then the form w is symmetric.

Proof: Since the form w is exact, we have a primitive function ¢, and by the

above lemma
Dw(u,v) = DyDy(9)

Since the form w has continuous derivative, Schwarz’s theorem applies, and
D, D,(p) = DyD,(p). Thus the form w is symmetric, and we are done. ad

The following proposition provides an easy way to test when a form is sym-
metric.

Proposition 4.15 Let R C R™ be an open subset, and let w € QY(R;R) be a
differentiable differential form. Write

w = gldml + - +grndl’m
Then the form w is symmetric if and only if

partialg;  Og;
(‘)xj a 63:1

for alli and j.
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Proof: Since the form w is differentiable, the functions g; are all differentiable.
Let {e1,...,em} be the standard basis of the space R™. Define a function
fi: R — K by the formula f;(z) = w(zx)(e;)-

Then by lemma 4.13, we have

S a) = (Dhales )
Observe that w(x)(e;) = g;. Hence
9gi
(Dalese) = 5 (@)
Thus, if the the form w is symmetric, the condition
99i _ Og;
833‘]' 8.731'
holds for all 7 and j.
Conversely, if
99i _ Og;
é)xj (’)xi

for all ¢ and j, then, by the above, given z € R
(Dw)m(eivej) = (Dw)z(ej>€z‘)

It is now easy to check that (Dw),(u,v) = (Dw).(v,u) for all u,v € K™,
since the set {e1,..., e} is a basis of the space K™, and the map (Dw),: R™ x
R™ — R is bilinear. a

Example 4.16 Let
w=x dr +y dy € Q' (K%, K)

Then we have
w=gidr+gdy  gi(z,y) =z, g2x,y) =y

Now
991 _,_ 9%
oy ox

So the differential form w is symmetric.

=0

Example 4.17 Let
w = xy dx + zy dy € Q' (K% K)
Then we have

w=gidr+gdy  gi(x,y) =2y, g2(,y) =2y

Now
o0 _, 992 _,
y or

So the differential form w is not symmetric.
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4.5 Complex Differential Forms and Symmetry

Let R C C be an open subset, and let w € Q'(R;C) be a complex differential
form. Then we can write

w=fdz

for some function f: R — C. Here dz(w):C — C is the identity map for all
w e C.

Using the basis {1,i} we can of course regard the complex numbers, C, as
real vector space, and the form w is a real differential form.

Theorem 4.18 Let w = f dz € QY(R;C) be continuously differentiable as a
real differential form. Then the form w is symmetric (as a real differential
form) if and only if the function f: R — C is complex-differentiable.

Proof: Write z = = + iy, where z,y € R, and f(z) = f(z +iy) = g(z,y) +
ih(x,y), where g and h are real-valued functions.
We know that dz = dx + i dy. Hence

fdz=(g+ih)(dz+idy) = (g+ih)dx + (ig — h)dy
By proposition 4.15, the form f dz is symmetric if and only if
d(g+ih) I(ig—h)

dy ox

that is
99 _ _Oh  9g _0h
oy  Ox or Oy
But the above are the Cauchy-Riemann equations, and the functions g and
h are continuously differentiable. The result therefore follows by corollary 3.25.
O

The above result is the key to relating results concerning differential forms
to complex analysis.

5 Integration of Differential Forms

5.1 Integration of Vector-Valued Functions

Let V be a finite-dimensional vector space over the field K. Let f:[a,b] = V
be a continuous map, and let {ej,...,e,} be a basis of the space V. Write
f(t) = fi(t)er + -+ fn(t)en. Then the functions f;: [a,b] — R are continuous,
and we can define the integral

/abf(t) dt = (/abfl(t) dt) et </abf"(t) dt) .
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It is easy to check that this concept is independent of the choice of basis.
Further, the fundamental results concerning integrals in this setting can be
deduced from the corresponding results for ordinary, scalar-valued, integrals.

Some such results, which we will use in this course, are the following.

Linearity
Let o, 8 € K, and let f, g:[a,b] — V be continuous functions. Then

b b b
[ s+ sgte) dt=a [ s de+ [ o) ar
Additivity
Let f:]a,b] — V be a continuous function. Let ¢ € (a,b). Then

/abf(t) dt:/acf(t) dt+/cbf(t) dt

The Fundamental Theorem of Calculus (version 1)

Let I C R be an open interval, and let f:I — V be a continuous function.
Choose zg € I, and define

Plz) = / " r) at

Then the function F is differentiable, with derivative F'(z) = f(x).

The Fundemental Theorem of Calculus (version 2)

Let f:[a,b] — V. Suppose we have a differentiable function F:[a,b] — V
such that F'(t) = f(t) for all ¢t € [a,b]. Then

/f@ﬁ=F@—F@

The Mean Value Inequality

Suppose that the space W is equipped with a norm. Let f:[a,b] — V be
a continuous function. Then

\ /a”f(t) "

Differentiation Under the Integral Sign

b
g/nmmm

Let f:[a,b] x [¢,d] = V be a continuous map such that the partial deriva-
tive %(m, t) exists and is continuous in both the variables z and ¢. Then

d [* )
%/a flz,t) dx:/a a—{(ﬂc,t) dx
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5.2 Path Integrals

Let V and W be finite-dimensional vector spaces, and let R C V be an open
subset. Let w € QY(R; W) be a continuous differential form, and let v: [a,b] — R
be a differentiable path.

The pullback v*w € Q([a,b; W) is a continuous map ~*w:[a,b] —
Hom(R,W). As we discussed in example 1.23, we can identify the space
Hom(R, W) with the space W by associating the vector w € W to the map
Tw:R — W defined by the formula Ty, (o) = cw. Furthermore, with the opera-
tor norm, [T, || = [Jw]|

If we make this association, we have a continuous map y*w:[a,b] — W
defined by the formula

(Yw)(t) = w(v () (V' (1))

Definition 5.1 Let w € Q'(R; W) be a continuous differential form, and let
v:[a,b] = R be a differentiable map. Then we define the path integral of w
along the path v by writing

Lw—LUm—Llwwwwﬁew

As a special case, let R C R™ be an open subset, and let w € Q'(R;R) be a
continuous differential form.
Write
W= gldxl + - +gnd$n

where each map g;: R — R is continuous. Let 7:[a,b] — R be a differentiable
path. Write

() = (11(t), -+, ()
Then by the above formula for the pull-back,

(V'wW)(®) = g1 (Y)Y () + -+ gn (Y ()7, (1)
and

b b
/w:/gwm»mwﬁ+m+/gww»mwa

Example 5.2 Let R C C be an open subset, and let f: R — C be a continuous
function. Then, by definition

b
/ﬂamz/fMMﬂwﬁ

which is the usual definition of a complex path integral.

Thus, integration of differential forms along a path is a generalisation of the
notion of integration of complex functions along a path.
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Example 5.3 Define a path v: [0, 7] — R? by the formula v(t) = (cost,sint).
Let w=x dy — y dz.

Then
~'(t) = (—sint,cost)
and
(v*w)(t) = cost(cost) — (sint)(—sint) = cos®t 4 sin’t = 1
We see that

/w:/ dt=m
¥ 0

Definition 5.4 Let V be a finite-dimensional vector space, and let R C V. We
call a continuous path v:[a,b] — R piecewise differentiable if there are values

a=c<c<---<c,=>

such that the restricted paths 7|,
i.

ciia]t [Gis Ciy1] — R are differentiable for all

Given a piecewise differentiable path as above, and a continuous differential
form w € QY (R; W), then we define the path integral

c1 Cc2 Ck
/w:/ 'y*Lu—&—/ ’y*w—|—-~-+/ Yrw
¥y co C1 Ck—1

We now present a number of results to help us evaluate and analyse path
integrals. In all of these results, we consider finite-dimensional vector spaces V'
and W, and an open subset R C V.

Proposition 5.5 Let ay,as € K, and let wy,ws € Q(R; W) be continuous dif-
ferential forms. Let ~y:[a,b] — R be a piecewise differentiable path. Then

/(oqwl + asws) = / w1 + ag / wo
¥ v v

Proof: The result follows immediately be definition of the path integral and
linearity of the integral of a vector-valued function. O

Definition 5.6 Let ~:[a,b] — R and §: [b,¢] — R be a path such that v(b) =
B(b). Then we define the concatenation of v and S to be the path v3:[a,c] = R
defined by writing
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By definition the concatenation (3 is a continuous function, and therefore a
path. If the paths v and 3 are piecewise-differentiable, then so is the concate-
nation ~f.

Note that, even when the paths 7: [a,b] = R and B:[b,c] — R are differen-
tiable, the concatenation ~( is probably not differentiable, but only piecewise-
differentiable; in general, we have a ‘kink’ at the point b.

The following result is completely straightforward to check.

Proposition 5.7 Let w € QY(R;W) be a continuous differential form, and
let v:[a,b] — R and B:[b,c] — R be piecewise differentiable paths such that

+(b) = B(b). Then
L= Lo [

Definition 5.8 Let 7:[a,b] — R be a continuous path. Then we define the
reverse path, 7: [a,b] — R, by the formula

() =v(a+b-1)

The reverse of a piecewise-differentiable path is again piecewise-
differentiable. The following result is again straightforward.

O

Proposition 5.9 Let y:[a,b] — R be a piecewise-differentiable path, and let
w € QY(R; W) be continuous. Then

fe=-]

The following result shows that we can reparametrise paths when evaluating
integrals. We leave the proof of the following as an exercise.

O

Proposition 5.10 Let v:[a,b] — R be a piecewise-differentiable path, and let
0:[c,d] — [a,b] be a differentiable mapping such that 6(c) = a and 6(d) = b.
Let w € QY(R; W) be continuous. Then

v yof

Proposition 5.11 Let U be a finite-dimensional vector space, let S C U be
open, and let .S — R be a continuously differentiable map.
Let B:]a,b] — S and ~:[a,b] — R be piecewise-differentiable paths such that

N =1ofB. Then
fe= fe
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Proof: By proposition 5.7, it suffices to check the result when the paths
and ( are differentiable. In this case, by the chain rule and the definition of

pull-back
Sw = S w(y(0)'(t) dt
= f w(@(B() (D) gty B'(t)
= f P (w)(B(¢))B(t) dt
= f P*w
and we are done. O

Now, let V and W be finite-dimensional normed vector spaces. Given a
differential form w € QY(R; W), for a point # € R, we have a bounded linear
map w(x):V — W. If we equip the space Hom(V, W) with the operator norm,
we can define the norm [jw(x)]|.

Proposition 5.12 Let v:[a,b] — R be a piecewise-differentiable path. Let w €
QY(R; W) be a continuous differential form. Then

b
< / lw(y@)Il - I (1) dt

Proof: By the mean value inequality for integrals, we have

IS, wl ||f (v(8),7'(@)) dt]]
< f lw(y (@) (@)l d
< f llw(v(#)) || (@)l dt

Here the last inequality follows by the definition of the operator norm. O

5.3 Path Integrals and Exact Forms

Let V and W be finite-dimensional vector spaces, and let R C V be an open
subset. Recall that a differential form w € Q'(R; W) is termed ezact if there
is a differentiable function ¢: R — W such that Dy = w. Such a function ¢ is
called a primitive function for the form w.

Definition 5.13 We call a path v:[a,b] = R closed if y(a) = v(b).

A closed path is also called a loop or a contour. Given a continuous differ-
ential form w € QY(R; W), we sometimes write

[=1

when the path ~ is a loop.

43



Theorem 5.14 Suppose that the subset R C 'V is connected. Letw € QY (R; W)
be a continuous differential form. Then the following are equivalent.

1.
2.

3.

The form w is exact.

For every piecewise differentiable path +:[a,b] — R, the path integral fv w
depends only on the start point v(a) and end point y(b).

For every closed piecewise differentiable path -y, we have fvw =0.

Further, if the form w is exact, and we choose a point xo € R, then we have
a primitive function

@(w)=Lw

where we choose v to be any path in the region R with start point xo and end
point x.

Proof:

o (1) = (2):

Let w be exact, with primitive function ¢. Let «y: [a,b] — V be a differen-
tiable path.

By proposition 4.10, we have v*w = D(¢ o). Observe:

Lw/abw*wLbD<¢ow>/ab«oow)'(t) dt

Hence, by the fundamental theorem of calculus
[ =ete) - etr@)
.

which only depends on the points v(b) and ~(a) since any two primitive
functions only differ by a constant.

The corresponding result for piecewise-differentiable paths follows by the
above by considering such a path as a concatenation of differentiable paths.
(2) = @3):

Let 7: [a,b] — R be a closed piecewise-differentiable path. Then by (2), the
integral f,y w only depends on the points y(a) and v(b). But v(b) = v(a),
so the integral along the path ~y is the same as the integral along a constant
path, which is zero.

3) = (2):

Let v and 72 be two piecewise-differentiable paths where v; and 72 begin
at the same point, and 7; and v; and 2 end at the same point. Then
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the end-point of the path 7, is the same as the start-point of the reversed
path 73, so we can form the concatenation ~y;75.

The path v17z is a closed path, so by (3):

0= e L fem e ]
o (2) = (1):

Pick zp € R. Let x € R. Since the open set R is a connected open set of
a finite-dimensional vector space, it is also path-connected, and we have a
path ~,:[a,b] — R such that v,(a) = z¢ and v, (b) = z. It is an exercise
to show that we can choose such a path to be piecewise-differentiable.

By (2), the function
pla) = / w
~

is well-defined, that is to say it only depends on the point z, and not the
precise choice of path ~,.

Now, let v € V. Since the set R is open, we can find s > 0 such that
B(0, s||v|]) € R. Define a path

Vo,5:[0,8] = R Yo,s(t) =x +tv

Then the path v, s is a linear path from the point = to the point x + sv.
Using the above path 7, and the definition of the function ¢, we see

<p(x+sv)—g0(x)zxwvysw—fyw:/ wz/osw(x—i-tv)(v) dt

Hence we have directional derivative

v,s

S

mwmmigéoww+mwwt

By the definition of the derivative, and the fundamental theorem of calcu-
lus, we deduce that D,(y)(z) = w(z)(v). Since the differential form w is
continuous, the total derivative Dy exists, and is defined by the formula
(Dp)(z) = w(zx). This completes the proof.

The last part of the theorem follows by the method used to prove the impli-
cation (2) = (1). a

One further point from the above proof is worth singling out. Namely, if w

is an exact differential form, with primitive function ¢, and ~:[a,b] — R is a
piecewise-differentiable path, then

/w:www—www>
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5.4 Path Integrals and Symmetric Forms

Let V and W be real finite-dimensional vector spaces, and let R C V be
open. Let w: R: Hom(V,W) be a differentiable differential form, and let us
write (Dw),(v)(w) = (Dw) (v, w).

Recall that we call the differential form w symmetric if (Dw)y(u,v) =
(Dw)z(v,u) for all points € R and vectors u and v. We have already seen that
any exact differential form is symmetric. Our aim in this section is to prove a
partial converse of this result.

The converse depends on the shape of the region R under consideration.

Definition 5.15 Let V be a vector space. We call a subset R C V star-shaped
if there is a point zg € R such that for all x € R the line segment ~:[0,1] — V'
defined by the formula y(t) = xg + t(x — x¢) is contained entirely in the set R.

Example 5.16 The vector space V is itself star-shaped.

Example 5.17 Let V be a normed vector space, let zg € V, and let § > 0.
Then the open ball B(zy, d) is star-shaped: for any point € V the line segment
from xg to x is contained within the set B(zo,J).

Example 5.18 The punctured complex plane C* = C\{0} is not star-shaped.

Observe that a star-shaped set is certainly path-connected.
Now, let w: R — Hom(V,W) be a differentiable differential form. Write
&(z,v) = w(z)(v). Then the function @ is the composition
RxV Y Hom(v,w) x v 2w
where we define Ev: Hom(V, W) x V' — W by the formula Ev(T,v) = T'(v).

Lemma 5.19 The map Ev is differentiable, with directional derivatives
(Ds,uyEv)(T,v) = S(v) + T(u)
Proof: Observe

Ev(S+T,u+v) (S+T)(u+v)
= Su)+Sw)+T(u)+T(v)

= FEv(S,u)+ Sw)+T(u)+T(v)

Write
T'(v)

(T, v)]

r(T,v) = |
where the norm on the space Hom(V, W) x V is defined by the formula

(T v) || = max(|[ T}, [|v]])
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Observe

ITW)| I Jlol
max ([T, [[ol) ~ max(| 7], [o])

(max(||T[, v])? v
< ST o)~ N

(T, )l =

It follows that
lim r(T,v)=0

(T,w)—0
and by definition of the total derivative,
(DEV)(s,u)(T,v) = S(v) + T (u)

as required. O

Since the form w is differentiable, for each point z € R we can form the
derivative

(Dw)z:V — Hom(V, W)
For convenience, recall that we write
(Dw)z (u, v) = (Dw)e (u)(v)
Lemma 5.20 The map w: RxV — W has total derivative given by the formula
Di(z,u)(v1,v2) = (Dw)z(v1,u) + w(z)(va)
Proof: The result is immediate from the above lemma, the definition of the

function w, and the chain rule. O

Theorem 5.21 Let V and W be finite-dimensional vector spaces, and let
R C V be an open star-shaped subset. Let w € QY (R; W) be a continuously
differentiable differential form. Suppose that w is symmetric. Then w is exract.

Further, choose a point xg € R such that for all x € R, the path v,:[0,1] =V
defined by the formula v,(t) = xo + t(x — xo) is contained in R. Then the
differential form w has a primitive function defined by the formula

o(z) = /%w = /Olw(:co—l—tx)(x—xo) dt

Proof: For convenience, let us assume that o = 0. Then

olz) = /Olw(tac)(x) dt = /Olcb(tx,x) dt

Let u € V. Let fi(x) = &(tx, x) so that
1
= d
o) = [ e

47



By definition of the directional derivative

%ft(x + 5u)(0) = Dy(fi)(x)

and

Do) =5 [ ilo+su) a

By lemma 5.20, we have
Du(fe)(x) = (Dw)ia (tu, ) + w(tz)(u)

Since the form w is continuously differentiable, we see that the directional
derivative D, (f;)(x) is continuous in the variables x and ¢. Hence we can
differentiate under the integral sign to obtain the formula

D) = [ Pulr)(@) i
By symmetry and bilinearity, we see that
D, fi(z) = t(Dw) e (z,u) + w(tz)(u)
Let g(t) = tw(tz)(u). Then by the chain rule and the product rule

g (t) = w(tz)(u) + t(Dw) i (z,u) = Dy f(t)
Hence

Du(p)(x) = /0 g'(t) dt = g(1) = g(0) = w(z)(u)

by the fundamental theorem of calculus.

These directional derivatives all exist and are continuous, by continuity of
the differential form w. It follows that we have total derivative Dy = w, and we
are done. a

Definition 5.22 Let V and W be normed vector spaces, and let R C V be
open. Then we call a differential form w € QY(R; V) closed or locally exact if
for each point x € R there is an open set U > z such that the restriction w|y is
exact.

Theorem 5.23 Let V and W be finite-dimensional vector spaces. Let R C'V
be open, and let w: R — Hom/(V, W) be a continuously differentiable differential
form.

Then the form w is locally exact if and only if it is symmetric.
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Proof: Let w be locally exact. Let £ € R. Then there is an open set U > =
such that the restriction w|y is exact. By theorem 4.14, the restriction w|y
is symmetric. In particular, for all vectors u,v € V, we have (Dw).(u,v) =
(Dw)(v,u).

Since the above equation holds for all z € R, the differential form w is
symmetric.

Conversely, suppose that w is symmetric. Let x € R. Then there is an open
ball B(x,d) C R. But open balls are star-shaped. Thus the restriction w|p(qy,s)
is exact by the above theorem. Since open balls are open sets, the above tells
us that the differential form w is locally exact. O

6 The Fundamental Group

6.1 Homotopies

In this section, we will assume that a path in a topological space X is a contin-
uous maps 7: [0,1] — X; we confine ourselves to the interval [0, 1] rather than
more general intervals.

Definition 6.1 Let X be a topological space. Let vp,71:[0,1] — X be two
paths with the same start point p = 7(0) = 7(0), and end point g = (1) =

71(1).
We call the paths 7o and v homotopic if there is a continuous map H: [0, 1] x
[0,1] — X such that

H(Ovt) :'YO(t) H(l’t) :’Yl(t)

for all ¢ € [0,1], and
H(s,0)=p H(s,1)=g¢q

for all s € [0,1].
A map H with the above properties is called a homotopy from the path ~q
to the path ~;.

For each point s € [0,1], the map H(s,—):[0,1] — X is itself a path. Thus
the idea of a homotopy from the path 7y to the path 7; is that of a continuous
deformation.

Lemma 6.2 The notion of paths in the space X with start point p € X and
end point ¢ € X being homotopic is an equivalence relation.

Proof:

e Let v4:[0,1] — X be a path such that v(0) = p and (1) = ¢. Then we
can define a homotopy H:[0,1] x [0,1] — X from the path + to itself by
the formula H(s,t) = ~(1).

Thus the notion of paths being homotopic is reflexive.
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e Let 79,71 be homotopic paths in X from p to g. Then we have a homotopy
H:[0,1] x [0,1] — X from 7 to 71. The reversed homotopy, H:[0,1] x
[0,1] — X, defined by the formula H(s,t) = H(1—s,t) is then a homotopy

from ~; to ~o.

Thus the notion of paths being homotopic is symmetric.

e Let v1,72,73: [0, 1] = X be paths such that v; and 5 are homotopic, and
v and -y3 are homotopic. Let H; be a homotopy from v, to 72, and let
H;, be a homotopy from 7, to 3. Then we can define a homotopy, H,
from ~; to 3 by the formula

| Hi(2s,t) s <
Hs,t) = { Hy(2s —1,t) s>

Since Hy(1,t) = v2(t) = H2(0,t) for all ¢t € [0, 1], the map H is continuous;
we leave it as an exercise to check the precise details.

N o] =

We see that the notion of paths being homotopic is transitive.

We call the following the reparametrisation lemma.

Lemma 6.3 Let v:[0,1] — X be a path in a topological space. Let 0:[0,1] —
[0,1] be a continuous map such that 6(0) = 0 and 6(1) = 1. Then the maps v
and v o 0 are homotopic.

Proof: Let s,t € [0,1]. Then (¢) € [0, 1], and (1 —s)t+s6(t) € [0, 1]. Further,
for all s € [0,1], when t = 0, we have (1 — s)t + s6(t) = 0, and when ¢t = 1, we
have (1 — s)t + s0(t) = 1.
We can therefore define a homotopy from the path + to the path v o 8 by
the formula
H(s,t) =~v((1 — s)t + s0(t))

O

Since we are confining our paths to the interval [0,1] we need a slightly
different notion of concatenation of paths. The following idea works; the slight
differences to the earlier definition do not matter.

Definition 6.4 Let «,3:[0,1] — X be paths in the space X such that v(1) =
B(0). Then we define the concatenation v3:[0,1] — X to be the path defined

by the formula
_ (@ t<

INEENIES
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Suppose we have paths v, 8, «: [0, 1] = X such that y(1) = 5(0), and 3(1) =
a(0). Then the order in which we take the concatenations matter. To be precise,
the paths (v8)a and v(Ba) are not equal; these are defined by the formulae

y(4t) t< 3§
(YBa=q Bt—-1) <t<j
a2t —1) t>3
and
v(2t) t<3
Y(Ba) =4 BAt—2) L<i<?
a(dt—3) t>3
respectively.

Thus the operation of concatenation is not associative. However, we do have
the following.

Lemma 6.5 The paths (v8)a and v(Ba) are homotopic.

Proof: Define a continuous map 6: [0, 1] — [0, 1] by the formula

2t t< i
_ 1 1o <l
o) =1 t+i F<t<3
attg 123

Then 0(0) = 0, (1) = 1, and (v8)a = y(Ba) o 8. The result now follows
from the reparametrisation lemma. O

The proof of the following is straightforward to check.

Lemma 6.6 Let v1,51:[0,1] — X be homotopic paths, both with end point p.
Let ~9,82:10,1] — X be homotopic paths, both with start point p. Then the
concatenations v17y2 and (5102 are homotopic. O

Definition 6.7 Let 4:[0,1] — X be a path from the point p to the point g.
Then we define the reverse path, 7:[0,1] — X, from the point ¢ to the point p,
by the formula F(t) = y(1 — ¢t).

The following is again straightforward.

Lemma 6.8 Let v; and 3 be homotopic paths. Then the reverse paths 71 and
72 are homotopic. O

Now, choose a point xg € X. Let ¢:[0,1] — X be the constant path, defined
by writing c(t) = xg for all ¢ € [0, 1].

Lemma 6.9 Let v:[0,1] — X be a path in X with starting point xo. Then the
concatenation vy is homotopic to the constant path c.
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Proof: The concatenation 77 is defined by the formula

_ 2t t <

We can define a homotopy from the constant path ¢ to the concatenation
7% by the formula

SN

(2st) <i
Hi={ Moi—ny 121

6.2 The Fundamental Group

Let X be a topological space, and let zyp € X. A path ~:[0,1] — X such that
~7(0) = (1) = zo is called a loop in X that is based at the point xo.

We saw in the previous section that the notion of loops in the space X
based at the point zy being homotopic is an equivalence relation. We call the
equivalence classes of this relation the homotopy classes of loops based at the
point zg.

Definition 6.10 The fundamental group of X at the point zg is the set of
homotopy classes of loops in X based at xg.

We use the notation 71(X,z) to denote the above fundamental group.
Given a path, v, we write [y] to denote the homotopy class. Thus, when =
is a loop based at the point zg, we have [y] € m1 (X, x0).

The proof of the result is left as an exercise. The most efficient method of
proof is to use the various lemmas proved in the previous section.

Theorem 6.11 The fundamental group m (X, zo) is a group. The group oper-
ation s defined by the formula

[v] - 18] = [v0]

where v and B are loops in X based at xq.

Let ¢:[0,1] — X be the constant map onto the point xog. Then the funda-
mental group has identity element [c].

Inverses are defined by the formula [y]~! = [7]. O

Let ¢: X — Y be a continuous map between topological spaces. Fix zg € X,
and let yo = ¢(xg) € Y. Then we have an induced group homomorphism

pw:m (X, 20) = m1(Y, 90)
where yo = ¢(z0) is defined by the formula

P«((1) = [p o]
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Given another continuous map ¥:Y — Z, we can check that (¢ o ¢), =
Y 0 @, Further, if 1x: X — X is the identity map, then (1x). = 1, (x,20)-

It follows that homeomorphic topological spaces have isomorphic fundemen-
tal groups.

Changing topic slightly, the proof of the following result is left as an exercise.

Theorem 6.12 Let X be a path-connected topological space. Then, up to iso-
morphism, the fundamental group m (X, zo) does not depend on the point xg.
O

Thus, when X is a path-connected space, we will sometimes write simply
71(X) to denote the fundamental group, omitting explicit mention of a chosen
basepoint.

Definition 6.13 Let X be a path-connected topological space. Then we call
X simply-connected if the fundamental group m (X) is trivial.

Definition 6.14 Let X be a topological space. We call X contractible if there
is a point ¢y € X and a continuous map H: X x [0, 1] — X such that H(z,0) = x
and H(xz,1) =z for all z € X.

Example 6.15 A star-shaped subset of a normed vector space is contractible.

To see this, let X be star-shaped. Choose xg € X such that for any point
x € X, the straight line joining zy to x lies entirely within the set X. Then we
can define a continuous map

H:0,1] x X — X
by the formula
H(z,t) =z +t(xg — x)
Then H(x,0) =« and H(x,1) = x¢ for all z € X.

We leave the proof of the following as an exercise.
Proposition 6.16 Any contractible space is path-connected. O

Proposition 6.17 Any contractible space is simply-connected.

Proof: Let X be contractible. Then we have a point ¢y € X and a continuous
map H:[0,1] x X — X such that H(0,2) =« and H(1,z) = z for all z € X.

Let 4:]0,1] — X be a loop based at z5. Then the map H':[0,1] x [0,1] = X
defined by writing H'(x,t) = H(s,¥(t)) is a homotopy from the loop 7 to
the constant loop c¢. It follows that [y] = [c] is the identity element of the
fundamental group.

We see that the fundamental group contains only the identity element, and
we are done. ]
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6.3 Coverings

Let I be an arbitrary set, and let Y be a topological space. Let {4; | i € I} be
a collection of open subsets of the space Y. We call the above collection of sets
pairwise disjoint if A; N A; = () whenever i # j.

We use the notation ;- A; to denote the union Uiel A; when the the sets
A; are pairwise disjoint.

Definition 6.18 Let X be a topological space. A surjective continuous map
p: E — X is called a covering map of the space X if for each point z € X we
have an open set U 3 x such that:

e We can write

p U] = Wie1 Vi

where each set V; C FE is open.

e For each ¢ € I, the restriction p|y,: V; — U; is a homeomorphism.

The space E in the above definition is called a covering space for the space
X.

Example 6.19 Let X be a topological space. Let {X; | i« € I} be disjoint
spaces equipped with homeomorphisms p;: X; — X.

Then the disjoint union £ = Il;c; X; is a covering space. The covering map
p: E — X is defined by writing p(z;) = p;(z;) whenever z; € X;.

A covering space of the type defined in the above example is called trivial

Example 6.20 Let S' = {(z,y) € R? | 22 + y? = 1} be the unit circle. Define
amap p:R — S! by the formula

p(t) = (cost,sint)

The map p is continuous an surjective. Choose tgp € R, and 0 < § < m. Then
the pre-image
p '[{(cost,sint) | tg — 6 <t <ty + 6}

is the disjoint union
erz(to — 0+ 2km,tg+ 6 + 2k7r)

The map p restricted to the interval (to — § + 2km, to + 6 + 2kn) is a homeo-
morphism onto the set

{(cost,sint) | tg —d <t <top+d}

Thus the space R is a covering space of the circle S'; the map p:R — S is
a covering map.
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6.4 Liftings

Definition 6.21 Let X and Y be topological spaces. Let p: E — Y be a
covering map. Then a [lifting of a continuous map f: X — Y is a continuous
map f: X — E such that po f = f.

Lemma 6.22 Let X be a connected topological space. Let p: E — Y be a cov-
ering map, and let f: X —Y be a continuous map. Let xo € X, and let f1 and
f2 be liftings of the map f such that fi(xo) = fa(xo). Then f1 = fo.

Proof: Let S={ze X | fi(z) = fa(x)}. Then 2 € S, so S # 0.
Choose a point x € S. Then by definition of a covering space, we have an
open set U C Y such that f(x) € U and

p U] = Wit V;

where the sets V; C FE are open, and the restrictions p; = p
homeomorphisms. R } R
Since x € S, fi(z) = fo(x). Let f1(z) = fo(x) € V;. By continuity, the set

v;: Vi = U are

We=f 'Vilnf Vi

is open. Certainly z € Wy, so W, #0. B

_ Let y € W,. Then fi(y) € V; and fo(y) € V;. Since the maps f; and
f2 are liftings of the map f, p;fi(y) = pifa(y) = f(y). Since the map p; is
homeomorphism, we see that fl(y) = fo (y),and y € S.

We have shown that
S=|JW.

zeS

where each set W, is open. Hence the set S is open.

Now, let T ={z € X | fi(z) # f2(z)}. Suppose that T # §). Then as above,
we can show that the set T" is open, and we have a partition X = S UT, which
contradicts the fact that the set X is connected.

Hence T' = (), which means that S = X, and we are done. O

Theorem 6.23 Let p: E — X be a covering. Let v:[0,1] — X be a path.
Choose a point yo € E such that p(yo) = v(0). Then there is a unique lifting
4:[0,1] = E such that (0) = yo.

Proof: We need to show existence of the path 4; once we have shown existence,
uniqueness follows by the above lemma.

Let S be the set of all points s € [0,1] where the restricted path
Ylo,51: [0, 8] = X has a lifting 4: [0, s] = X such that 5(0) = yo.

Certainly 0 € S. We need to show that 1 € S.

Suppose sg € S, and sy < 1. Then we have a path 7: [0, sg] — X such that
A(0) = yo and p o F(t) = ¥(t) whenever t € [0, sq].
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By definition of a covering space, we have an open set U C X such that
v(s0) € U, and
p U] = Wies Vi

where V; C F is an open set, and the restriction p; = p
morphism.

Since the path «y is continuous, we can find 6 > 0 such that y(t) € U whenever
[t — so| < 20, and ¢ € [0,1]. Suppose that v(sg) € U;. Then we can define a
path 41:[0,tp + 0] — E such that 41(0) = yo and p o H1(t) = ~(t) whenever
t € [0,t0 + ¢] by the formula

v;: Vi = U is a homeo-

0={ 1y 52

1) so<t<so+9

We have shown that, given sy € S, we have § > 0 such that s+ € S. But
this implies that 1 € S; the precise details are left as an exercise. O

The proof of the following result is similar to the above, but the extra variable
present makes it more fiddly. We therefore omit the details.

Theorem 6.24 Let p: E — X be a covering. Let H:[0,1] x [0,1] — X be a
continuous map. Fix yo € E such that p(yo) = H(0,0). Then there is a unique
lifting H:[0,1] x [0,1] — W such that H(0,0) = yq.

Further, if the map H(—,0) is constant, then the map H(—,0) is also con-
stant. o

Corollary 6.25 Let p: E — X be a covering. Let v1,72:[0,1] = X be two paths
such that 71(0) = 72(0) and v1(1) = 72(1).

Let y1 be a lifting of the path 1, and V2 be a lifting of the path ~o such
that ¥1(0) = ~2(0). Suppose that the paths v1 and 2 are homotopic. Then
71(1) = 72(1), and the liftings 71 and v2 are homotopic. o

6.5 Computations of the Fundamental Group

We have already seen that the fundamental group of a contractible space is
trivial. In this section we use the ideas of coverings and liftings to compute
some non-trivial fundamental groups. We begin with the circle

St={(z.y) eR? | 2® +y* =1}

Lemma 6.26 Let v:[0,1] — S! be a closed path, and let p:R — S be the
covering map p(t) = (cost,sint).

Let 7 be a lifting of the path . Then the map v is homotopic to the constant
path if and only if ¥(0) = F(1).

96



Proof: Suppose that the map v is homotopic to the constant path, c¢. The
constant path, ¢, in R is a lifting of the constant path c. By corollary 6.25, since
the path ¢ is constant
y(1) = é(1) = &(0) = 7(0)
Conversely, suppose that 4(0) = 4(1). Then # is a loop in the space R. But
the space R is contractible, so the loop ¥ is homotopic to a constant loop. It
follows that the loop v = p o 4 is homotopic to a constant loop. O

To compute the fundamental group of the circle S', we will assume that our
loops are based at the point xg = (1,0).
Given an integer k € Z, we can define a loop 7: [0, 1] — S by the formula

Yk (t) = (cos 2kmt, sin 2kt)

Theorem 6.27 There is an isomorphism 0:Z — w1 (S*, ) defined by the for-

mula

0(k) = ]
Proof: We leave it as an exercise to prove that the map 6 is a group homo-
morphism.

Let p:R — S' be the above covering map. Then the map v, has lifting
k:[0,1] = R defined by the formula

’)7]C (t) = 2kt

Observe that i (1) = 2km. Hence, by the above lemma, if £ # 0, then
[v&] # [¢]. Tt follows that the homomorphism 6 is injective.

Let v:[0,1] — S* be a loop based at (1,0). Let 4:[0,1] — R be a lifting such
that 5(0) = 0. Then

(1) € p~(1,0) = {2n7 | n € Z)

Let 7(1) = 2km. The loop 7 has lifting 7). such that (1) = 2k7. Thus, we
can form the concatenation 37, and

k(1) = 0 = 37k(0)

The concatenation 77 is a lifting of the concatenation 3. By the above
lemma, the loop 77y is therefore homotopic to the constant loop, c.
It follows that

7] = D] ™t =[]

so [v] = [7k] and have shown that the homomorphism 6 is also surjective. O
We leave the proof of the following as an exercise.
Proposition 6.28 Let X and Y be path-connected topological spaces. Let xg €

X and yo € Y. Then the groups m (X, zg) X m1(Y,y0) and m (X x Y, (zo, y0))
are isomorphic. O
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Let C* = C\{0} be the punctured plane. Let zo = (1,0). Let v4:[0,1] — C*
be as defined above.

Theorem 6.29 There is an isomorphism 0:Z — w1 (C*,xqg) defined by the for-
mula

(k) = [

Proof: We have a homeomorphism h: S x (0, 00) — C* defined by the formula
h((cost,sint),r) = (rcost,rsint)

The result now follows from the above proposition and theorem, and the fact
that the space (0,00) is contractible. a

7 The Monodromy Theorem

7.1 The Integral Covering

Let V and W be finite-dimensional vector spaces. Let R C V be an open subset.
Recall that we call a differential form w € QY (R; W) locally ezact or closed if for
all z € R there is an open set U 3 x such that the restriction w|y € QY(U; W)
is exact.

Suppose that we have a locally exact differential form w € Q'(R; W). Con-
sider the set R, = R x W along with the projection p: R, — R defined by
the formula p(z,w) = z. We want to define a topology on the set R, ie: a
collection of sets that we define to be open and satisfy a few of axioms. This
topology should reflect the local exactness of the differential form w and turn
the space R, into a covering space of the space R. Note that the topology we
define on the space R, is not the same as the topology on the product R x W.

Let U C R be an open subset such that the restriction wl|y is exact. Let
F:U — W be a primitive function of the differential form w|y. Then we define
a set

(U, F)={(x,F(x)) | r €U} C R,

Proposition 7.1 Call a subset of the set R,, open if it is a union of sets of the
above form. Then the set R, is a topological space.

Proof: We need to check the topological space axioms.

e By definition of an open set in the space R, any union of open sets is an
open set.

e Note that the empty set, ) C R is open. There is a unique well-defined
function F: () — W; this function is a primitive function for the restriction
wlp. Observe that § = I'(@, F); hence the empty set § C G, is open.
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e Let x9 € R, and w € W. Since the form w is locally exact, there is an
open set U C X where 29 € U and the restriction w|y is exact.

Consider a primitive function F:U — W such that F(zg) = w. Then
our chosen point (zg,w) € R,, belongs to the open set I'(U, F). Thus the
union of all such sets, which is by definition open, is the entire space R,,.

e Let Uy,U; C R be open sets such that the restrictions w|y, and w|y, are
open. Let F; and F5 be primitive functions for the restrictions w|y, and
w|y, respectively.

If the intersection I'(Uy, Fy) NT'(Us, Fy) is the empty set, then it is open.
Otherwise, let (xz,w) € T'(Uy, F1) NT(Us, Fy).

The set Uy NUs C R is open. We therefore have an open ball B = B C
Uy NU;y such that z € B, and B C U; N Us,. The primitive functions Fj
and Fy restrict to primitive functions on the ball B.

We know that Fy(z) = Fa(z) = w. By corollary 4.8, the primitive func-
tion of an exact form on a connected open set is determined uniquely
determined by its value at a point. The open ball B is connected. Hence,
Fi|p = F3|p. We see that

(x,w) S F(B7F1|B) - F(U1,F1) N F(UQ,FQ)

Thus our chosen point (z,w) € T'(Uy, Fy) NT'(Us, F») belongs to an open
subset. Hence the intersection I'(Uy, Fy) N T'(Us, F2) is a union of open
subsets.

More generally, we see that any intersection of two open sets is open, and
we are done.

Proposition 7.2 The topological space R, is a covering space of the space R,
with covering map p: R, — R.

Proof: It is straightforward to check that the map p: R, — R is continuous.
The map p is obviously surjective.

Let o € R. Since the form w is locally exact, we have an open set U such
that 2o € U and the restriction w|y is exact. By taking a subset if necessary
(for instance, an open ball containing the point x), we can assume that the set
U is connected.

Define S to be the set of primitive functions of the differential form w|y. Let
x € U and w € W. Then by corollary 4.8, we have a unique primitive function
F € S such that F(z) = w. The same argument tells us that T'(U, F)NI(U, G) =
0if F+# G.

Hence

p~ U] = lpesT(U, F)
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The restriction p|p,py: T'(U, F) — U is defined by the formula p((z, F'(x)) =
x. It is straightforward to check that this map is a homeomorphism. O

Definition 7.3 We call the space R, the integral covering for the locally exact
differential form w.

7.2 Homotopy and Path Integrals

Let R be an open subset of a finite-dimensional vector space. In the previous
section, we only talked about homotopy for paths ~:[0,1] — R

We can generalise the definition to talk about homotopy between paths
v: [a,b] = R. The following result is called the monodromy theorem.

Theorem 7.4 Let V and W be finite-dimensional vector spaces, and let R C'V
be an open subset. Let w € QY (R; W) be a continuous locally exzact differential
form. Let v1,72:[a,b] = R be homotopic piecewise differentiable paths.

Then
[
71 Y2

Proof: Let 7:[a,b] — R be a piecewise differentiable path. Then be theorem
6.23 we have a lifting 4: [a,b] — R, where R, is the integral cover defined in
the previous section. We can write 4(t) = (y(¢), yw (t)).

We claim that

[o=w(®) = w@
y
Since the interval [a, b] is compact, we can find points

a=cp<cr < - -<cp1<c=0>b

and open sets U; such that the restriction w|y, is exact, the restriction |, ¢, 1]
is differentiable, and ~[c;,c;+1] C U;; we leave the proof of this fact as an
exercise. Choose a primitive function, F;, of the differential form w|y, such that
Fi(y(e:)) = w (ci).

The map s(t) = (y(t), F(y(¢)) is a lifting of the path ~ restricted to the
interval [¢;,¢i41], and s(¢;) = A(¢;). Hence, by theorem 6.23, s = 4 on the
interval [¢;, ¢;+1]. In particular, 4y = F; oy on the interval [¢;, ¢;y1].

It follows that

| @= B - Ele) = wlen) - wle)

where ; is the restriction of the path « to the interval [¢;, ¢;1]. Adding the
integrals of the restrictions together, we see

/w = 3w (b) - Fw(a)
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as claimed.

Now, let v1,72: [a,b] = R be two homotopic paths. Then by corollary 6.25,
any two liftings 41,72 [a, b)) — R,, with the same start point have the same end
point. It follows that

/w=%w@—%w@=%w@—%mw=/w

Y2

and we are done. O

Since the path integral of a differential form over a constant path is always
zero, we have the following corollary.

Corollary 7.5 Let w € QY(R;W) be a locally exact continuous differential
form. Let v:[a,b] — W be a closed path that is homotopic to the constant

path. Then
% w=20
¥

The first part of the following result also follows from the above; the second
part is immediate by theorem 5.14.

Theorem 7.6 Let V and W be finite-dimensional vector spaces, and let R C'V
be simply-connected. Let w € QY (R; W) be a locally exact continuous differential
form. Then w is exact.

Further, if we pick a point xo € R, we can define a primitive function for
the differential form w by writing

M@=Aw

where v is any piecewise-differentiable path in the region R with start point xg
and end point x. O

We can use the above to show that certain paths are not homotopic to
constant loops. For instance, the function f(z) = % is complex-differentiable in
the space C*. Therefore the form f(z) = % dz is symmetric as a real differential
form by theorem 4.18, and hence locally exact by theorem 5.21.

Let v: [0, 27] — C* be the unit circle defined by the formula () = cos(it) +

isin(it). Using the Euler formula, we can write v(t) = e, and

1 27 . .
/fdz:/ e ge dt =2mi #0
v 0

Thus the circle is not homotopic to the constant path. In particular, the
space m1(C?¥) is not simply-connected; the fundamental group is not trivial.
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Proposition 7.7 We have an isomorphism ¢:71(C*) — Z defined by the for-

mula ) .
o0 =57 § 7 4=

Proof: Let k € Z, and define a loop ~;:[0,1] — C* by the formula ~;(t) =
e?™ . By theorem 6.29,we have an isomorphism 6:Z — (S, 2¢) defined by
the formula

0(k) = [l

Choose a loop 7 in the space C*. Since the map 6 is surjective, the map -~y
is homotopic to the loop i for some k. Hence, by the monodromy theorem

1 1 1 1
fj{fdz:f,f L
211 y 2 211 v 2

1
dz = / e 2Tkt ke R gt = omik
0

and

IS

/,

Therefore ¢([v]) = ¢([7k]) = k. The map ¢ is thus a well-defined inverse to
the isomorphism @, and therefore itself an isomorphism. o

Definition 7.8 Let a € C. Let 4:[0,1] — C\{a} be a piecewise-differentiable
loop. Then we define the winding number of v around a:

w(y,a) 17{ ! dz
2!

211 z—a

By the above, the winding number is an integer. Observe that w(vy,0) = k
for all K € Z. The winding number is a rigorous way to define the number
of times the loop v winds around a in an anticlockwise direction. Further
properties of the winding number can be found in the exercises.

8 Complex Analysis

8.1 Holomorphic Functions

Let R C C be an open set, and let f: R — C be a complex function. We call the
function f holomorphic if it is continuously differentiable as a complex function.
If R = C, we call the function f entire

In fact it is a theorem that any complex-differentiable function is holo-
morphic; continuity of the derivative follows automatically from complex-
differentiability. Many of our results on differential forms can be applied imme-
diately to holomorphic functions. Note in particular the following.
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e Write
[z +1iy) = g(z,y) +ih(z,y)
where x and y are real numbers, and g and h are functions such that the
partial derivatives all exist and are continuous.

Then by theorem 3.19, the function f is real-differentiable.

e By corollary 3.25, the function f is holomorphic if and only if the Cauchy-
Riemann equations

g _ 0Oh oh _Og
87/(95) = _%(x) 873,/(%) = %(ﬂﬁ)

are satisfied.

e By theorem 4.18, the differential form w = f dz is symmetric, as a real
differential form, if and only if the function f is holomorphic.

e By theorem 5.23, the form w = f dz is locally exact if and only if it is
symmetric.

Putting the above together, we have the following.

Theorem 8.1 Let f: R — C be a holomorphic function. Then f is locally exact.
O

The Cauchy-Riemann equations, noted above, provide a means to check
whether a complex function is holomorphic.

The following result, which is usually called Cauchy’s theorem, follows im-
mediately from theorem 7.6.

Theorem 8.2 Let f: R — C be a holomorphic function, where the region R is
simply-connected. Then f is exact.
In particular, for any closed loop, v, in the region R, we have

?{ F(z) dz=0

The following result is called Goursat’s lemma; it is a generalisation of
Cauchy’s theorem to complex-differentiable functions where the derivative need
not be continuous. We do not prove it here.

O

Theorem 8.3 Let f: R — C be a complex-differentiable function, where the
region R is simply-connected. Then f is exact.
In particular, for any closed loop, v, in the region R, we have

7{ f(z)dz=0

In fact, Goursat’s lemma is the key to showing that any complex-
differentiable function is holomorphic, and hence has continuous derivative.

O
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8.2 Residue Calculus and the Integral Formula

Let a € C, and § > 0. Consider the punctured disk B’(a,d), and let v:[0,1] —
B'(a,d) be a loop that winds once anticlockwise around the point a.

It is geometrically clear that all such paths are homotopic. The following is
therefore well-defined by the monodromy theorem.

Definition 8.4 Let w be a continuous complex-valued locally exact differential
form defined on the punctured disk B’(a,d). Then we define the residue of the
form w at the point w by the formula

1
Res(w, a) = ﬂj{w
T
.

More generally, given an open set R C C, a point a € R, a continuous
complex-valued locally exact differential form w defined on the set R\{a}, we
define the residue Res(w, a) as above, by restricting to some ball B(a,d) C R.

Proposition 8.5 Let R C C be open, and a € R. Let w be a continuous
complex-valued locally exact form defined on the set R\{a}. Then the following
hold.

1. Let W' be another continuous complex-valued locally exact form defined on
the set R\{a}, and let o, € C. Then

Res(aw + o'W, a) = aRes(w,a) + o/ Res(w', a)
2. Let w be exact on some punctured open ball B'(a,d) C R. Then
Res(w,a) = 0.

3. Suppose that w extends to a continuous locally exact differential form, @
on the set R. Then Res(w,a) = 0.

4. Res(z&- w) =1

z—w’

5. Let k € Z\{—1}. Then Res((z —w)* dz,w) =0
Proof:

1. The result follows by definition of the residue and linearity of path-
integrals.

2. Let v be a loop in the neighbourhood B’(a,d) that winds once anticlock-
wise around a. Then

Res(w,a) = j(l{w =0
gl

by exactness.
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3. By definition, we have Res(w,a) = Res(w,a). The differential form @ is
continuous and locally exact on some disk B(a,d) C R.

The ball B(a,d) is contractible, and therefore simply-connected. Hence
the differential form @ is exact on B(a, d) by theorem 7.6. The result now
follows by the previous part.

4. Define a loop v:[0,27] — C\{w} by writing v(t) = w + €. Then 7 is a
closed loop that winds around the point w once anticlockwise, so

d 1 d T R
RGS( : ,’U_)) = . % : - S . 7.7:6” dt =1
z—w 2mi J,z—w 2w J, et

5. Let « be the above loop. Then

1 1 27 ) ) )
Res((z—w)k dz,w) = — %(z—w)k dz = — eFitiit gy — ;e(/ﬁ-l)lt dt
v

e 21t Jo ™

Now k # —1, and we know that e = cost+4isint. So the function e(*+1)#
is periodic, with period a factor of 27. It follows that the above integral
is zero.

The following result is called the Cauchy integral formula.

Theorem 8.6 Let R C C be an open subset. Let f: R — C be a holomorphic
function. Then, for each point w € R:

f(w) = Res < /(z) dw})

Z—Ww

f(z)

zZ—w

Proof: Since the function f is holomorphic, the function z +— is holo-

morphic on the set R\{w}. Hence the differential form % dz is continuous
and locally exact.
Write
FG) g S Sw) )
zZ—w z—w z—w

Then by the above proposition

Rezs(M dz,w) = Res(if(z) — fw) dz, w)+f(w)Res( ,w) = Res(if(z) — f(w)

So we need to show that Res(w dz,w) = 0. Define a path
Ye: [0, 271] = R by the formula v.(t) = w + ee®. Then, for € sufficiently small, ~
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is a path in the open set R that winds once anticlockwise around the point w.
Hence

zZ—w 211

ReS(M dz,w) = ! j{ M dy — 1 /027r flw+ee't) = f(ee't)

z—w 2mi gett

By the mean value inequality

FEZIW) 4wy < sup (fw+ee®) — fluw)]

| Res(
Z-w t€[0,27)

Since the function f is holomorphic, it is continuous at the point
w.  Hence supygigoq |f(w + ce”) — f(w)] as ¢ — 0. But the residue

Res(%ﬁ}(w) dz,w) is independent of the value e. We are forced to conclude
that Res(% dz,w) =0, and we are done. O

Cauchy’s theorem and Cauchy’s integral formula together allow us to com-
pute many path integrals.

For example, let R C C be an open subset, let f: R — C be holomorphic on
R, let w € R, and let v be a loop in R.

Suppose that the loop « lies within a simply connected subset S C R, and
w ¢ S. This is the case if the region R contains everything ”inside” the loop ~,
and the point w is not inside 7. Anyway, by Cauchy’s theorem, we have

%@dz:o

On the other hand, let R C C be a simply-connected open subset, let w € C,
and let v be a loop in R that winds once anticlockwise around the point w.
Since the region R is simply-connected, the loop =y is homotopic to another loop
4 that winds once around w anticlockwise, and lies within some punctured disk
B(w,§). By the monodromy theorem

%M dz = ]{ S dz = 27rz‘Res(M dz, w)

z—w z—w z—w
Hence, by Cauchy’s integral formula

JE) dz = 2mi f (w)

Corollary 8.7 Let R C C be an open subset. Let f: R — C be a holomorphic
function. Let w € C and 6 > 0, and suppose that B(w,d) C R.
Then

[f(w)] < sup{[f(2)] | z € S(w,d)}
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Proof: Applying the above to the path +:[0,27] — R defined by the formula
y(t) = e, we have
1 [ f(w+e?) 1 [P

w) = — L et dt = — w + re’t) di
fw) 27t J ret 2 Jo Jw+ret)

Let M = sup{|f(#)| | z € S(w,d)}. Then

2m

@) <o [ Mdt=nm

21 0

and we are done. O

8.3 Power Series and Analytic Functions

Let a € C. Recall that a power series is an expression of the form

Z an(z—a)”
n=0

where a, € C.
Recall the following results on power series.

Theorem 8.8 o There is a number r > 0, called the radius of convergence,
such that the series Y -, an(z—a)™ converges whenever z € B(w,r), and
diverges whenever |z — al > r.

»”

Here we allow the possibility "r = oco”, which means that the series con-

verges for all z € C.

. fo'e) n—1 .
o The power series Y~ nan(z—a) has the same radius of convergence
as the above power series.

e Let R > 0. Then we can define a holomorphic function f:B(a,R) — C
by the formula f(z) = Yo" qan(z — a)™. The derivative is given by the
formula f'(z) = 3> 02 ynan(z —a)" "1, ie: we can differentiate “term-by-
term”.

O

Example 8.9 The geometric series > .. z" has radius of convergence 1. In
fact, if [2| < 1, then Y o (2" = 1+

PR

Example 8.10 The ezponential series Y., %z” has radius of convergence
o0o. The exponential function is defined by the formula

for all z € C.
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Two fundamental properties of the exponential function are the formulae

Example 8.11 The cos and sin functions are defined by writing

oo ZQn ] oo ZZnJrl
COS z = nzz%(—l) (2n)' Sz = nz:%(—l) m

Both of these functions are defined for all z € C, since the relevant series
have radius of convergence co.

Let 6 € R. Then, using the above series we immediately obtain the Euler

formula

0

e = cosf +isinf

Definition 8.12 Let R C C be an open subset. A function f: R — C is called
analytic if given a point @ € R, we can find r > 0, and a power series that
converges to the value f(z) for all z € B(a,r).

Thus, given a point a € R, we can find r > 0 and a,, € C such that
f(z2) = an(z—a)"
n=0

for all z € B(a,r).

Proposition 8.13 Let f: R — C be an analytic function. Then the function f
is differentiable of arbitrary order. If on a disk B(a,r), the function f is defined
by the power series

1@ =3 an(z - w)”
n=0

then
~ [M(a)
TR

ar
Proof: Let -
f(2) =) an(z—a)"

n=0

when z € B(a,r). Then by theorem 8.8, the function f is holomorphic on the
disk B(a,r), and

F(:) =Y nan(z — 0"
n=0

We see that the derivative f’ is again analytic. Repeating the above, we see
that derivatives of all orders exist.
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Now, observe that the formula f*)(w) = klay certainly holds when k& = 0.
Fix k € N. Suppose, given a function g defined on B(w,r) by a power series
32 bu(z — a)", we have g™ (a) = kb,

By theorem 8.8, we have

f(z) = Z nan(z —a)" ! = Z(n + Dapy1(z —a)”
n=0 n=0

Applying the above to this series, we see that
FE (@) = ()P (a) = Bk + Dagsr = (k + 1)lag4
and the desired formula is true by induction. |

The following result is easy to check; we leave the proof as an exercise.
Note that the first part of the proposition already follows from the fact that an
analytic function is holomorphic.

Proposition 8.14 Let f: R — C be an analytic function. Then the differ-
ential form f(z) dz is locally exact. If, on the disk B(a,r), we have f(z) =
ool gan(z —a)™, then we have a primitive function on the same disk defined
by the formula

oo
a
F(z) = Z " (z—a)"*!
n:0n+1

8.4 Taylor’s Theorem

The concept of uniform convergence turns out to be very useful when dealing
with power series.

Definition 8.15 Let A be any set, and let > 7 f, be a series of functions
fn: A — C. We say the series Y~ f,, converges uniformly to a function f: A —
C on the set A if for all € > 0 there exists N € N such that | (3", fn(z)) —
f(z)| <eforallm > N and all z € A.

Another way to phrase the above definition is to say that the series of func-
tions > 7 fn converges uniformly to the function f on the set A is to say

.
i supf

=0|ze A}

N
3 fula) — f(a)
n=0

One use of uniform convergence is in swapping limits and integrals.
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Theorem 8.16 Let Y " f, be a uniformly convergent series of continuous
functions fn:[a,b] — C. Then the function, f, defined as the limit of the series

s continuous, and
b o0 b
/a nZ:o /a

In particular, the sum on the right converges. ]

The following is straightforward, and left as an exercise.

Corollary 8.17 Let R C C be an open subset, and let Y~ f, be a series of
continuous functions fp: R — C that converges to a function f: R — C.

Let~y: [a,b] — R be a piecewise-differentiable path, and suppose that the above
series converges uniformly on the image of the path v. Then

Lf(z) dz:;[yfn(z) dz

In particular, the sum on the right converges. O

Power series uniformly converge in the following sense.

Theorem 8.18 Let a € C, and let Y .- jan(z — a)™ be a power series with
radius of convergence r > 0. Let K C B(a,r) be a closed subset. Then the
series converges uniformly on the set K. O

The following result is called Taylor’s theorem.

Theorem 8.19 Let R C C be an open subset, and let f: R — C be holomorphic.
Then the function f is analytic.
Further, given a point a € R, in any disk B(a,d) C R, we have

£z) = gan(z — @)™  an=Res ((f(z) dz, a>

Proof: It suffices to prove the second part of the result; the first part than
follows by definition of a function being analytic. For convenience, suppose
a=0.

Let w € B(a,d). Choose r between |w| and 4, and define a loop : [0, 27] —
B(0,9) by the formula ~(t) = re’. Then by Cauchy’s integral formula

fw) = - ]gf(z) @z

27 zZ—w

Let z be lie on the loop 7. Then |z| > |w]|, so
fl2) _ fe) N f) pwyn
z—w_z(l—w/z)_nz:% z (z)
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In fact, we can check that the above series converges uniformly on the loop
v, so by corollary 8.17, we have

L) e\ & f(2) n
f(w)—gzmﬁ " (;) dz—;Res (Zn-i-l dz | w
The result now follows. O

The following is called Cauchy’s formula for derivatives. It is immediate by
the above and proposition 8.13.

Corollary 8.20 Let R C C be an open subset, and let f: R — C be a holomor-
phic function. Let a € R. Then the n-th order partial derivative of the function
f exists, and is given by the formula

F™(a) = Res (M dz, a>

Hence, if B(z,0) C R, and ~ is a loop in the disk B(z,d) that winds once
anticlockwise around z, then we have the formula

|
VPRI QR A O B
f (a’) 21 ‘%; (Z _ a)’n+1 &
We call the following the Cauchy inequality.
Corollary 8.21 let 0 < r < R, let a € C, and let f: B(a,R) — C be a holo-
morphic function. Let M = sup{|f(2)| | |z —a| =r}. Then

n!Mr
(= Tw—a "

11" (w)] <

for all w € B(w,r).

Proof: Let v:[0,27] — C be the loop (t) = a + re'*. Since w € B(a,r),
the loop v winds once anticlockwise around the point w. Hence, by Cauchy’s

formula for derivatives
|
n 7{ A& g,
2mi J, (2 —w)

£ w) =
2 7
™ (w)| < l'/ [fla+re)] lire't| dt
0

~2n la 4 ret — w|ntl
Now, |f(w + re’)| < M, and |a + re?* — w| > r — |w — a|. Hence, since
|w —a| < r, we have

e Mr n!Mr
() ()| < i/ _ Mr L niMr
e A ) i e T

Hence

and we are done. O
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8.5 Liouville’s Theorem

The following result is called Liouville’s theorem.

Theorem 8.22 Let f:C — C be a bounded holomorphic function. Then f is
constant.

Proof: Since the function f is bounded, we have a constant K > 0 such that
|f(z)] < K for all z € C. Choose w € C, and let » > |w|. then by the Cauchy
inequality

Mr
f(w) € ——3
(r = |wl)?
let 7 — oo. Then Mr/(r — |w|)®> — 0. It follows that f’(w) = 0. Hence,
since the domain C is certainly connected, the function f is constant. o

Definition 8.23 Let Ry, R; C C be open. We call Ry and Ry biholomorphic if
there is a bijective holomorphic mapping f: Ry — Rs with holomorphic inverse.

Certainly, if two open sets are biholomorphic, then they are homeomorphic,
since a holomorphic function is also continuous.

Example 8.24 Let
Ry ={z€C|R(z) > 0and I(z) > 0}
and
Ry ={z€C| X(z2) >0}
Then we can write

Ry = {re' | r >0, 0<9<g}
and '

Ry={re? |r>0,0<0<n}

Let f(z) = 22. Then f(re?) = r2e2®. It follows that the map f: R; — R»
is a holomorphic bijection. The inverse g(z) = /z is also holomorphic. Thus
the sets R; and R, are biholomorphic.

Proposition 8.25 The sets B(0,1) C C and C are homeomorphic, but not
biholomorphic.

Proof: We can define a continuous map f: B(0,1) — C by the formula

z
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This map is a homeomorphism, since we have a continuous inverse given by
the formula
FH(w)

Now, let g: C — B(0, 1) be a holomorphic map. Then the map g is bounded.
Hence, by Liouville’s theorem, g is constant. Thus the map g is not bijective,
and the sets C and B(0,1) cannot be biholomorphic. O

w
1+ Jw)

Definition 8.26 Let f:C — C be a function. Then we say that f(z) — a as
z — 00, Or
lim f(z) =a

Z—00

if for all € > 0 we can find R > 0 such that |f(z) — a|] < & whenever |z| > R.

We have a version of the above definition in any normed vector space.

Definition 8.27 Let f:C — C be a function. Then we say that f(z) — oo as
Z — 00 or

li)m f(z) =00

if for all s > 0 we can find R > 0 such that |f(z)| > s whenever |z| > R.

Proposition 8.28 Let f:C — C be a continuous function such that
lim, o f(2) exists. Then f is bounded.

Proof: Let
lim f(z) =a

Z—r 00

Taking ‘e = 1’ in the definition of the limit, we can find R > 0 such that
|f(2z) — a| <1 whenever |z| > R. Hence |f(z)| < 1+ |a|] whenever |z| > R.

On the other hand, the set B(0, R) is a closed bounded subset, and hence
compact by the Heine-Borel theorem. Thus there is a constant M > 0 such that
|f(2)] < M whenever z € B(0, R).

Take K = max(M,1 + |a|]). For any complex number z € C, either z €
B(0,R) or |z| > R. Tt follows that |f(z)| < K for all z € C. Thus the function
f is bounded, and we are done. O

The following example and proposition are left as exercises.

Example 8.29 Let p:C — C be a non-constant polynomial (with complex
coefficients). Then p(z) — oo as z — oc.

Proposition 8.30 Let f:C — C be a function. Then lim,_,« f(z) = oo if and
only if lim, ﬁ =0. O

Our last consequence of Liouville’s theorem is called the fundamantal theo-
rem of algebra.
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Theorem 8.31 Let p: C — C be a polynomial with complex coefficients. Sup-
pose that p is not constant (ie: n > 1 and a, # 0). Then there is at least one
point z € C such that p(z) = 0.

Proof: Suppose that p(z) # 0 for all z € C. Then the function z — —1 is a

z
holomorphic function defined on the entire complex plane. e

Since p is non-constant, by the above example and proposition, ﬁ — 0 as
z — 00.

Hence, by proposition 8.28, the function % is bounded, and therefore con-
stant by Liouville’s theorem. Thus the polynomial p is constant, which is a
contradiction.

It follows that there exists z € C such that p(z) = 0. O

8.6 The Identity Theorem

Let X be a metric space, and let A C X. Recall that a point z¢g € X is called
an accumulation point of the subset Z if and only if for all € > 0, we can find a
point € AN B(xg,¢), where x # xg.

We leave the following results on accumulation points and closed sets as
exercises.

Proposition 8.32 Let X be a metric space, and let A C X be a subset. Then
A is closed if and only if it contains all of its accumulation points. O

Let us write A to denote the union of a subset A with L its accumulation
points. By the above, if the subset A is already closed, then A = A.

Proposition 8.33 Let X be a metric space, and let A be a subset. Then the
set A is the smallest closed subset of the space X which contains A. |

We call the subset A the closure of the set A. Our notation is consistent
with the earlier notation used for closed balls, as the following example (again
left as an exercise) shows.

Example 8.34 Let x € X and § > 0. Then the closure of the open ball B(z, )
is the closed ball
B(z,0) = {y € X | d(z,y) <6}

Now, the following result in complex analysis is called the identity theorem.

Theorem 8.35 Let R C C be an open connected subset, and let f: R — C be a
holomorphic function. Then the following are equivalent.

1. f=0.
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2. The set of zeroes
Z(f)={z€ R | f(2) = 0}

has an accumulation point lying in the domain R.

3. There is a point w € R such that f(™ (w) =0 for all n € N.
Proof:

e (1)=(2).
This is trivial.
e (2) = (3).

Let w € R be an accumulation point of the set of zeroes Z(f). We want
to show that £ (w) = 0 for all n.

Suppose this is not true. Then we have a minimal K € N such that
f®) (w) # 0. By Taylor’s theorem, we have > 0 such that

JE) =Y anle—w) = G- w) i) JE) =3 anls—w)
n=~k n=~k

for all z € B(w,r).

Since f*)(w) # 0, we have f(w) = aj # 0. The function f: B(w,r) — C
is holomorphic, and therefore continuous, so we can find € > 0 such that

f(2) # 0 whenever z € B(w,¢).
Hence, f(z) # 0 for all z € B'(w, ). Thus the point w is not an accumu-
lation point of the set of zeroes Z(f).

e (3)=(1).

Since the function f is holomorphic, it is also analytic by Taylor’s theorem,
and the n-th derivative f(™: R — C is continuous. Thus the set

W,={zeR|f™(z)=0}

is closed.

It follows that the intersection W = U2 W), is also closed. If we assume
(3), then W # 0.

Let w € W. Then by Taylor’s theorem, the function f is zero in open ball
B(w, ). Hence B(w,d) C W, and the set W is open.

Thus W # 0, and W is both open and closed. Since the domain R is
connected, we therefore have W = R, and f = 0.

The identity theorem has a number of immediate consequences.
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Corollary 8.36 Let R C C be an open connected subset, and let f,g: R — C
be holomorphic functions. Then the following are equivalent.

1. f=g.

2. The set
{zeR| f(z) =g(2)}

has an accumulation point lying in the domain R.

3. There is a point w € R such that f™ (w) = g (w) for all n € N.

Proof: Apply the identity theorem to the function h = f — g. o

Corollary 8.37 Let R C C be an open connected set. Then a holomorphic
function f: R — C is determined by its values on an arbitrarily small local ball
lying in R.

Proof: Let w € R, and € > 0. Let g: R — C be a holomorphic function such
that g(z) = f(z) for all z € B(w,¢).
The point w € R is an accumulation point of the set

B(w,e) C{z e R f(z) = g(2)}

Hence, by the above, f = g. O

Let f:R — R be a function. A holomorphic extension of f is a holomorphic
function f:C — C such that f(z) = f(z) whenever z € R.

Holomorphic extensions do not always exist. For example, by Taylor’s the-
orem, for a function to have a holomorphic extension it must be infinitely dif-
ferentiable.

Corollary 8.38 Let f:R — R be a function. Then f has at most one holomor-
phic extension.

Proof: Let f =g be holomorphic extensions of the function f. Let S = {z €
C|r(z) =7(2)}.

Then R C S, since the functions are both equal to the function f for real
numbers. But the set of real numbers, R, certainly has an accumulation point.
Hence f = 3. O

The above corollary can be used to deduce certain properties of complex
functions from the corresponding properties of real functions.
For instance, for all # € R, we have the Euler formula

e = cosf + isinb
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Let f(z) = €**, and g(z) = cos z+isin z. Then f and g are both holomorphic
functions, and f(x) = g(x) for all x € R. Hence f(z) = g(z) for all z € C, that
is

e =cosz+isinz

for all z € C.

8.7 Open Mappings

Definition 8.39 Let X and Y be topological spaces, and let ¢: X — Y be a
map. We call the map ¢ open if for any open subset U C X, the image f[U] C Y
is open.

The above is different to the definition of a continuous map, which is that
the inverse image of an open set is open.

Observe that an open continuous bijection is a homeomorphism.

We want to show that any non-constant holomorphic map is open.

Lemma 8.40 Let R C C be an open connected set, and let f:R — C be a
non-constant holomorphic function. Choose w € C. Then there exists 6 > 0

such that f(z) # f(w) for all z € S(w, d).

Proof: Suppose that for all § > 0 where B(w,d) C R, we can find z € S(w, d)
such that f(z) = f(w).

Let ¢: R — C be the constant function, with ¢(z) = f(w) for all z € R.
Then, by our assumption, the set

S={2€C| f(z) =c(2)}

has an accumulation point, w.
It follows by the identity theorem that f = ¢, that is to say the function f
is constant, which is a contradiction. O

Lemma 8.41 Let R C C be an open set, and let f: R — C be a holomorphic
function. Let w € R, and choose § > 0 such that B(w,d) C R.
Suppose that

[f(w)] <inf{[f(2)] | z € S(w,0)}
Then the function f has a zero in the ball B(w,?).

Proof: Suppose that f(z) # 0 for all z € B(w,d). By the above inequality,
f(z) #0 for all z € B(w, ).

Now the set of points z € R such that f(z) # 0 is the inverse image of the
open set C\{0}. Hence, there is an open set U C R such that f(z) # 0 for all
z €U, and B(w,6) CU.

The function g: U — C defined by the formula g(z)/1/f(z) is holomorphic.
By corollary 8.7 to Cauchy’s integral formula, we have

lg(w)| < sup{lg(2)] z € S(w,d)}
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Taking the reciprocal, we see

[f(w)] = nf{[f(2)| 2z € S(w,0)}

which contradicts our original inequality.
Thus the function f has at least one zero in the ball B(w, ). O

Lemma 8.42 Let R C C be an open set, and let f: R — C be holomorphic. Let
w € C, and choose r > 0 such that B(w,r) C R.
Let

1,
§ = g inf{|f(2) = f(w)] | z € S(w,7)}

Suppose § > 0. Then B(f(w),d) C f[B(w,r)].
Proof: Let u € B(f(w),d). We want to show that u € f[B(w,r)]. So we need
to find a point v € B(w, ) such that f(v) = u.

Let z € S(w, r). By definition of the constant d, we know that | f(z)—f(w)| <
24. Since u € B(f(w),d), we know that |f(w) — u| < §. Hence by the triangle
inequality

1f(z) —ul = |f(2) = f(w)| = [f(w) —u| >26 =6 =4

Therefore | f(w)—u| < |f(2)—u| for all z € S(w, ). Since the sphere S(w,r)

is compact, we see that
[f(w) —uf <inf{|f(z) —u| | z € S(w,0)}

By the previous lemma, we can find v € B(w,r) such that f(v) —u = 0,
that is to say f(v) = u, and we are done. o

Theorem 8.43 Let R C C be an open connected subset, and let f: R — C be a
non-constant holomorphic mapping. Then f is open.

Proof: Let U C R be open. Let w € U. Then by lemma 8.40, there exists
6 > 0 such that B(w,r) CU, and f(z) # f(w) for all z € S(w, 9).
Since the sphere S(w, d) is compact, if we define

5= S t{f(z) ~ f(w)| | = € S(w,r)}

then 6§ > 0.
By the above lemma, B(f(w),d) C f[B(w,r)] C f[U]. Hence the image f[U]
is open, and we are done. O

Since it is impossible for an injective map defined an a non-empty open
subset of C to be constant, we immediately obtain the following.

Corollary 8.44 Let R C C be a connected open subset. Let f: R — S be a
bijective holomorphic map. Then f is a homeomorphism. O
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